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1. INTRODUCTION 
An investigation of the response and strength of prestressed concrete 
reactor vessels has been in progress at the University of Illinois Department 
of Civil Engineering since 1967. The purpose has been to investigate the 
different modes of failure and to develop general design criteria for 
vessels, consisting ,of a cylinder bounded by flat end slabs. 
The experimental part of the project consisted of the testing of 21 
small-scale specimens. The specimens were not models of any particular 
full-scale vessel. A simple geometrical shape was chosen so that generally 
applicable information of the response and strength of concrete vessels 
would be ob tained. The maj or variab les were ratio of the thickness of the 
end slab to the interior diameter of the vessel, penetrations in the end slab 
and the longitudinal and circumferential prestressing forces. 
Two types of structural failures were observed in the end slab: flexural 
failures characterized by fracture of the circumferential reinforcement, and 
shear failures resulting from the development of inclined cracks. A third 
type of failure was leakage of the seal because of cracks in the side wall 
leading to a slow loss of pressure. 
In a previous report the experimental results for the first 16 vessels 
were presented (Paul ~ al., 1969). The different types of failure were 
discussed and a method to calculate the flexural strength of the end slab 
was presented. 
The possibility of using the lumped-parameter model to predict the 
response and mode of failure of pressure vessels has been investigated 
(Echeverria Gomez, Schnobrich, 1968; Higashionna, Schnobrich, 1970). The 
response in the elastic range and part of the nonelastic range up to and 
including the initiation of the shear crack has been successfully predicted. 
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However, the lack of explicit criteria to define the cracking of the end slab 
and its subsequent failure under a complex state of stresses, has made the 
development of an elaborate computer program, with excessive computer 
capacity demand, unjustified in order to predict the shear strength of 
the end slab. 
This report presents the results of six tests of pressure vessels, 
conducted primarily to investigate the shear strength of the end slab and 
the effect of penetrations on the shear strength. Observations have indicated 
that the end slab fails in shear as a result of the following mechanism: 
A critical inclined crack develops tending to transform the end slab into 
a dome. Collapse occurs by failure of the concrete in the dome. A method 
was developed to estimate the shape of the dome and the failure load, based 
on finite-element analyses of the end slab and a failure criterion for 
concrete subjected to triaxial stressesv 
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20 Slim1ARY OF TESTS AND TEST RESULTS 
2.1 The Test Specimens 
The geometrical shapes of the six test vessels were identical except 
for the penetrations in the end slab Q The material properties and the 
prestressing forces were comparable for all vessels. 
Th~ vessel configuration was one half of a cylindrical vessel with 
a flat end slab (Fig. 2.1). The dimensions were 40 iuo diameter by 40 in. 
high. The interior diameter was 25 in. and the slab thickness was 10 in. 
The open end of the vessel was sealed by a 4 in. steel plate. 
The circumferential prestress was provided by high tensile strength 
wire wrapped around the vessel. The wire had 0.2S-in. diameter and was 
wrapped continuously, at a pitch equal to the wire diameter~ 
The longitudinal prestress was provided by Sixty O.7S-in. Stressteel 
rods running through the wall. 
The end slab was cast without any reinforcement in the concrete. Forty 
No. 4 bars were located vertically in the side wall to prevent cracking 
during circumferential prestressingo 
Five vessels had penetrations located in the end slab. The penetrations 
were sealed by steel plates placed in indentations on the inside face of the 
sl~be 
2.2 Test Variables 
Several of the vessels that were tested in the earlier phase of the 
project failed in shear or responded in a manner indicating that they were 
close to failing in shear. One of the vessels, PV16, that failed in shear 
was chosen as a yardstick for the vessels with penetrations, and the 
experimental results for vessel PV16 are repeated in this report. Five 
vessels, designated PVI7 to PV21, with penetrations were tested. The 
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six vessels were similar except for the following variables: 
(a) Location of penetrations in the end slab. 
(b) Number of penetrations in the end slab. 
(c) Size of penetrations in the end slab. 
The locations of the penetrations were determined in view of the crack 
propagation leading to a shear failure. The shear failure is initiated by 
the formation of an inclined crack near the mid-height of the slab and at a 
slope of ab out 45 degrees (Fig. 2" 2) " _The crack propagates upwards to the 
edge of the anchorage plate of the longitudinal reinforcement 0 It propagates 
downwards toward the inside face of the slab at a gradually decreasing slope, 
ultimately carving out a dome in the slab (Fig. 203)0 A shear failure is 
characterized by a failure of the dome under a combination of compressive 
stresses and shear stresses (Fig. 2.4). There are two critical stages in 
the development of a shear failure: 
(1) The initation of the inclined crack occurs near the edge of the 
slab a If penetrations are introduced in this section, the formation of the 
inclined crack is precipitated. However, if this section is not the one 
-at which the dome in the corresponding solid slab fa.iled, the penetrations 
may not affect the ultimate strength of the dome unless a certain minimum 
amount of the section is removed. 
(2) The dome in vessel PVl6 failed near the center of the slabo If 
penetrations are introduced in this section, the formation of_ the inclined 
crack will not be affected but the strength of the dome once it is formed 
may be reduced .. 
To test the first assumption, four of the vessels (PV17, PV18, PV20 
and PV21) were cast with penetrations 8 in. from the center of the slab. 
Two of the vessels (PV17 and PV21) had 25 percent of the perimeter removed 
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at a radius of 8 in., while 50 percent of the perimeter was removed in the 
other two vessels (PVI8 and PV20). Two of the vessels (FVI7 and PV18) had 
4-in. penetrations while the other two vessels (PV20 and PV21) had 2-in. 
penetrations. The pertinent data are given in Fig. 2.5 and Table 2.1. 
To test the second assumption, one vessel, PV19, was cast with pene-
tration~ 4 in. from the center of the slab. The six penetrations removed 
50 percent of the perimeter at a radius of 4 in. (Fig. 2.6 and Table 2.1) 
2.3 Test Results 
The test setup and material properties are described in Appendix A. 
To pressurize the vessel it was necessary to seal the penetrations by 
applying steel plates to the inside face of the slab. In evaluating the 
test results the influence of the steel plates on the strength of the 
vessels has to be considered. The vessels can be divided into two groups 
by the location of the penetrations: 
(1) Four of the vessels had penetrations located 8 in. from the center 
of the slab. The test of vessel PV16 indicated that the radial strains were 
small on the inside face of the slab at this section. A small modification 
of the geometry at this section and the presence of steel plates would have 
a negligible influence on the specimen. Indentations in the form of lxI-in. 
tori were formed around the penetrations and the steel plates were placed in 
these (Fig. 2.7). 
(2) Test vessel PV19 had penetrations located 4 in. from the center 
of the slab. The concrete along the inside face of the slab at this section 
is subjected to high compression in the radial direction, especially after 
the formation of the dome. It was not considered suitable to form indenta-
tions for the steel plates, because the extra concrete that would be removed 
might exaggerate the effect of penetrations. The steel plates were supported 
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on the inside face of the slab (Fig. 2.7). However, because of friction 
between the steel plates and the concrete~ some of the stresses were trans-
ferred by the steel plates and they acted as reinforcement. The effect of 
penetrations was reduced and may even have been reversed by the presence 
of the steel plates. 
The vessels were pressurized internally. Deflections were measured 
along the outside of the vessel. The concrete strains were measured on the 
inside and outside faces of the slab. Strains were measured in the circum-
ferential prestressing wire and in the longitudinal rods. All test data 
are reported in Appendix B. 
The vessels were pressurized using a test setup that allowed the usage 
of either oil or gas. At law internal pressures the vessels were pressurized 
hydraulically. When the pressure was increased the test, vessels developed 
leaks. If the leakage exceeded the capacity of the oil pumps a switch to 
pneumatiC pressurizing was made. Four of the vessels, PV16~ PV17, PV20 and 
PV2l, failed explosively while the vessels were pressurized with gas. The 
measured trajectories of the inclined cracks and the failure surfaces are 
shown in Fig. 2$8 to 2.11. The three vessels with penetrations failed in the 
sections where the penetrations were located at internal pressures between 
3000 and 3300 psi (Table 2.1). 
Test vessel PV18 was subjected to hydraulic pressure up to 3000 psi, 
at which pressure the leakage exceeded the capacity of the oil pumps. To 
preserve the end slab in order to study the crack development the test was 
aborted at this point. Toe slab was cut and the trajectory of the inclined 
crack was determined. The inclined crack had propagated to the center of 
the slab carving out a complete dome (Fig. 2.12). However, the boundary 
of the cryptodome was not well defined near the center of the slabe 
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Test vessel PV19 was pressurized hydraulically when at 3500 psi a sudden 
drop in internal pressure occurred. It was not possible to regain the lost 
pressure either with oil or gas. The slab was cut and the crack development 
was studied. The cracks indicated that the failure pressure had been reached 
but that the use of oil prevented a violent failure or the formation o{ an 
easily :t;".ecognized failure plane (Fig. 2.13). 
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3 e OBSERVED RESPONSE OF THE TEST VESSEL WITH A SOLID END SLAB 
301 Introductory Remarks 
This chapter is concerned with phenomena observed in the tests of 
vessels with solid end slabs. It refers primarily to the test of vessel 
PV16 (Figo' 2.1) which was tested to provide a standard for the evaluation 
of the response of the five test vessels (PV17=PV2l) wi th penetrations in 
the end slabs. However" information from the tests of .other vessels with 
solid end slabs is also used. 
The chapter is divided into five sectionso The first section discusses 
strains measured in the linear range of response, before the development of 
cracks 0 Conditions leading to, and subsequent to, the formation of three 
different types of cracks are considered in the following three sections. 
In these experiments it was not possible to study the crack development 
directly, because some cracks developed inside the slabo Even the cracks 
on the surface could not be studied closely because of the explosive failures 
that were expectede An effort has been made to relate the strain readings 
to the crack configuration.. The failure mechanism is described in the fifth 
section .. 
In discussing the development of the inclined crack and the failure of 
.the end slab, test results from an earlier phase of the project are included 
(Paul et al .. , 1969) e 
The discussion of the causes and effects of cracking is based on solu-
tions of the stress conditions ~sing the finite-element modelo The axisym-
metric finite element was used to represent the vessel (Mohraz, Schnobrich, 
Gupta, 1969). The solutions have certain limitations. First, the effects 
of the various types of cracks were evaluated separately rather than simul-
taneously as they may occur in the actual test 0 Second, the effects of a 
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given type of crack were analyzed at a specific internal pressure and at an 
arbitrarily specified extent of cracking rather than calculating the develop-
ment of the cracks with increase in pressureo The analyses are intended to 
indicate the directions in which strains and stresses will change with 
cracking and are not intended to show progressive changes in the end slab 
as crack~ng develops. 
Stress and strain conditions have been analyzed at zero internal 
pressure (with full prestress as indicated in Table 2.1 for PVl6) and at an 
internal pressure of 3200 psi, the choice of the latter pressure being 
arbitrary. The primary function of the calculated strain changes is to 
interpret the variations in strain measured in the test. 
All the strain readings for vessel PV16 that are shown in the figures 
of this. chapter are compared wi th calculated strains ob tained using the 
finite-element model and assuming a linear force-deformation relationship 
for concrete. 
3.2 Initial Response and Initiation of Cracking 
The vessels were prestressed by longitudinal rods and by wire wrapped 
around the outside cylindrical surface (Fig. 2.1)0 The wire prestresses 
the slab and the wall in the radial and tangential directions. The longi-
tudinal rods prestress the wall in the vertical direction. 
At a low internal pressure the concrete stresses in the entire vessel 
are small in relation to its ~trength so that a linear stress-strain 
relationship can be assumedo At this stage, the state of stress can be 
predicted using the finite-element or the lumped-parameter methods with a 
linear force-deformation function. A lUmped-parameter analysis has been 
used to predict the response of vessel PV16 before cracking occurs (Paul 
~ alo, 1969). With a few exceptions the analysis and strain readings 
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compare well, the exceptions being the gages close to the joint between th~ 
side wall and the end slab where the analysis cannot simulate the high stress 
gradient,and the gages close to the anchor plate of the longitudinal rods 
where it is difficult to simulate the boundary condition correctly. Some 
of the gages on the inside face of the end slab do not compare favorably with 
the analysis and the discrepancy is discussed in Appendix C. 
As the internal pressure is increased, the compression due to prestress 
will eventually be overcome in certain locations and cracks will develop. 
The types of cracks affecting the response of the end slab can be 
divided into three categories (Fig. 3.1). One type is a conical crack 
starting at the joint between the end slab and the wall (the reentrant 
corner) and propagating outwards and upwards through the vessel. The second 
type is flexural cracking, 'a term which will be used to define the radial 
cracks originating at the top surface of the slab. 'The third type is an 
inclined conical crack corresponding to a shear crack in a beam. These three 
types of cracks and how they would influence the behavior of the vessel if 
occurring isolated from each other are discussed in the next three sections. 
303 Effect of Cracking at the Reentrant Corner 
(a) Introduction 
In its uncracked' s tate the vessel· can be viewed as a circular slab 
attached along its edge to a cylinder. The cylinder provides the slab with 
stiffness against rotation along the edge and may introduce an edge moment 
because of the external prestressing forces and internal pressure acting on 
the cylinder. The internal pressure results in a tensile stress at the 
reentrant corner eventually leading,to'a crack which occurs on a plane 
slightly inclined to the horizontal. The crack at the reentrant corner 
reduces the restraint provided by the cylinder. 
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(b) Calculated Effects of a Crack at the Reentrant Corner 
The change in behavior of the vessel caused by a crack at the reentrant 
corner was investigated using the finite-element method (Fig. 302). It was 
assumed that the rest of the vessel remained uncracked during the development 
of the crack so that its influence could be isolated. 
The- stress gradient is very high near the reentrant corner, making it 
difficult to predict the internal pressure at which cracking occurs and to 
compare the strain gage readings with the calculated strainso There are 
three reasons for these difficulties 0 First, the high stress gradient makes 
the accuracy of the calculations questionable 0 The size and locations of 
the finite elements influence the calculations. Second, the tensile strength 
of concrete is not well defined for the case of multiaxial stresses and a 
high stress gradient. Third, a small error in the location of a strain gage 
causes a large difference in the measured strain. 
The radial and tangential strains, respectively, are calculated for the 
following three conditions: 
(1) Prestress only, no cracks. 
(2) Prestress + 3200 psi internal pressure', no cracks. 
(3) Prestress + 3200 psi internal pressure, a crack at the reentrant 
corner (Fig. 3~2). 
Figures 3.3 and 3.4 show that, as a result of the introduction of the 
crack at the reentrant corner, both the radial and the tangential strains 
increase in the central portion of the slab, the change being more noticeable 
at the bottom than at the top because the strains at the top are larger before 
cracking. The increase in strain at the top makes it likely that flexural 
cracking, if it has not already started, will start when the crack at the 
reentrant corner develops. The strain increase is more accentuated at the 
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bottom surface at the center but it may be difficult to distinguish on the 
basis of the strain gage readings as other types of cracking also increase 
the strain at· this location. 
The uncracked slab has a circle of inflection (or, more correctly, a 
circle of zero change in strain) that is about 6 in. from the center of 'the 
slab at the inside surface and about 10 in. from the center on the outside 
surface. The crack at the reentrant corner reduces the stiffness of the joint 
between the end slab and the side wall, .increasing the radius of the circle of 
inflection. When the circle of inflection shifts, the strain gages nearby 
will record distinct changes in strain, some of them indicating a change from 
tension .to compression. Consequently, the development of the crack at the 
reentrant corner can easily be detected by strain gages located on the inside 
surface but not too close to the center of the slab. The change in radius of 
the circle of inflection on the outside surface is small, because of the 
restrictions imposed by the longitudinal rods. 
The propagation of the crack at the reentrant corner could be expected 
to cause an increase in the force in the longitudinal prestressing rods be-
cause the crack may permit increased vertical deflection of the slabo However, 
because of the stiffness of the end slab the increased vertical deflection will 
be small and the rod force will increase only slightly if no additional radial 
cracking occurs. The finite-element solution indicates an increase in force 
for a rod in the inner. row of 694 lb/IOOO psi of internal pressure if the slab 
is uncracked. If a crack as the one in Fig. 3.2 exists, the corresponding 
value is 913·lb/IOOO psi internal pressure, i.e. the increase is only about 
30 percent. 
(c) Discussion of Measured Strains 
The development of the crack at the reentrant corner can be studied 
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using the strain readings obtained from PVI6. Figure 3.5 shows the radial 
strain 1 in. from the reentrant cornere There is a decrease in tension 
between 1200 and 1600 psi reflecting the initiation of the crack. After 
2000 psi the tension increases again which indicates that cracking at some 
other location overshadows the effect of the further development, if any, 
of the G.rack at the reent ran t corner D . 
Figure 3e6 shows the strain read 3=1/8 in. from the reentrant corner. 
These readings confirm results obtained from the gages I in. from the re-
entrant corner but the changes are'not as noticeable, the gages being further 
away from the crackc 
The circumferential strains indicated by gages located 1/2 in. from the 
reentrant corner as well as those 3-1/8 in. from the corner (Fig. 3.7 and 
3.8) also show the initiation of the crack although for these gages other 
types of cracking would give the same effect making it impossible to deduce 
the existence of the crack from these gages alone. The rest of the gages 
on the inside of the slab are located closer to the center and do not show 
any significant changes in strain due to the crack at the reentrant corner g 
Of the gages on the outside of the slab, the ones close to the middle 
show a decrease in strain after 1200 psi (Fig. 3.9) which shows that flexural 
cracking starts at about the same pressure as the crack at the reentrant 
corner. The opening of the flexural cracks could have been influenced by 
the opening of the crack at the reentrant corner. 
The strain curve for the inner row of rods (Figa 3.10) does not show 
any significant increase due to the initiation of the crack. 
3.4 Effect of Flexural Cracking in the End Slab 
(a) Introduction 
The circumferential prestress compresses the concrete in the slab in 
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the radial and tangential directions. The internal pressure generates bending 
in the slab leading to cracking on the outside face at the center of the slabo 
At the center of the slab, the radial and tangential strains are equal but at 
a distance from the center the tangential strain is larger so the flexural 
cracking consists of radial cracks. 
(b) Calculated Effect of Flexural Cracking in the End Slab 
To simulate a case of flexural cracking with no other cracks occurring~ 
a fini te-element analysis w.as ob tained f.or the crack configuration shown in 
Fig. 3.11 ... The calculated radial and tangential strains are shown in Figs 
3.12 and 3013. On the inside surface the strains are affected very little 
by the cracking, except at .the area close to the center. At the center the 
strain increases significantly but the change is in the same sense and of 
the same magnitude as the change caused by cracking at the reentrant corner 
and.by inclined cracks. 
The introduction of the flexural cracks cause a considerable change. in 
the calculated strains at the outside surface. The strain drops to zero 
and the strain gages can be expected to show tensile strains which are equal 
to the.initial compressive prestress. The radial strains further out from 
the center are compressive as a result of flexural cracking. 
The calculated tangential strains, which are averages at each section 
and include the width of the radial cracks, increase because of fle~ural 
cracking. The actual strain in the concrete between the cracks can be 
expected to be zero. 
The calculations did not indicate any change of force in the longitudinal 
rods as a result of the flexural cracking. 
(c) Discussion of Measured Strains 
There were no tangential strain gages mounted on the outside of the slab 
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of PV16, so the propagation of the radial cracks has to be traced from 
strain gages in the radial direction only. Both gages at the center of the 
outside face (Fig. 3.9) indicated cracking between 1200 and 1600 psi. It is 
reasonable to assume that flexural cracking started at an internal pressure 
just below 1600 psi. If that is the case, the cracking occurred at a strain 
change of about 0.0004. This value was not recorded but it has to be remem-
bered that strain was recorded at selected load steps and the maximum strain 
was most likely never recorded. After cracking the strain decreased to 
0.00024 which is close to the initial level of prestress, indicating that 
the concrete cracked at a strain of about 0.00016. The finite-element analysis 
indicates a prestrain of 0.00016 which is slightly less than the 0.00024 deduced 
from the test. 
The gages at 3-1/8 in. and 6-1/4 in. radius (Fig. 3.14 and 3.15) also 
indicate cracking at about 1600 psi which implies rapid propagation of the 
radial crack. 
The strain readings of gages at 9-3/8 in. radius. (Fig. 3.16) change from 
tension to compression after 1600 psi conforming to the change predicted by 
the finite-element analysis. 
The gages at 12 in. radius show a faster increase of compression after 
1600 psi (Fig. 3.17) which also conforms to the analysis. The change in 
slope at 1600 psi may partly be due to the simultaneous development of the 
crack at the reentrant corner, the development of which causes a change in 
the same direction (Fig. 3.3). 
3.5 Effect of Development of an Inclined Crack in the End Slab 
(a) Introduction 
The trajectory of the inclined crack to be introduced into the finite-
element model should be as close to the actual one as possible in order to 
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obtain meaningful results from the analysis. Because the inclined crack 
forms within the slab, it has been difficult to follow its development in 
vessels with solid end slabs. Consequently, the assumed trajectory has been 
based on the following observations and complementary analyses. 
The analyses show that the shear stress in the end slab is distributed 
parabolically through the depth of the slab causing the principal tensile 
streS~es to reach th~ir maximum values near the mid-height of the slab. 
The vertical and radial stresses are of about the same size and smaller than 
the shear stress close to mid-height of the slab resulting in a direct-ion of 
th~ maximum tensile stress of about 45 degrees to the horizontal. 
The shear stress along the mid-height of the slab is zero at the cent~r 
of the slab and increases continuously with the distance from the center up 
to the vicinity of the connection with the wall. The maximum tensile stress 
va~ies in approximately the sam~waY9 so the first inclined crack can be 
expected to develop at the mid-height of the slab, close to the wall and at 
approximately 45 degrees with the horizontal. However, a crack close to the 
wall (crack I in Fig. 3.18) cannot propagate far in either direction because 
it is bounded by areas in triaxial compression, and will have a negligible-
influence on the stress condition. More inclined cracks may develop further 
away- from the wall as the internal pressure is increased. The first crack-
of importance is the one that propagates in the direction of the edge of the 
anchorage plate of the longitudinal rods (crack 2 in Fig. 3.18) because this 
crack is not hindered from contin~ing to the top surface of the slab. The 
direction of the principal tensile stress being about 45 degrees with the 
horizontal, the crack is initiated at about half the slab thickness from the 
edge of the anchorage plate. In one case it was possible to observe the 
inclined crack in its initial stage. The test of vessel PV13 was terminated 
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by leakage in the wall and the intact slab was cut along a diameter after 
the testo The embryo of an inclined crack, about 5 in. long and close to 
the predicted location could be seen (Fig. 3.19). The crack did not reach 
the top of the slab and could not have been discovered without cutting the 
vessel. An inclined crack may exist in the end slab without there being 
any way to discover it without disturbing the structure. 
The inclined crack propagates in both directions. It propagates toward 
the edge of the anchorage plate of the longitudinal rods and simultaneously 
toward the inner surface of the slab but at a slower rate because of com-
pressive stresses in both the radial and vertical directions. Due to 
bending, the radial compressive stress is high close to the inside surface 
and the slope of the crack decreases as it approaches the inside surface. 
This was illustrated in the case of PV12, a vessel which failed because of 
leakage through the wall. The slab was cut (Fig. 3.20) revealing an inclined 
crack that extended from the edge of the anchorage plate to a point 5-1/2 in. 
from the center and 2 in. from the bottom of the slab. It can also be seen 
that near the bottom of the slab the slope of the crack was lesse 
(b) Calculated Effect of an Inclined Crack in the End Slab 
To investigate the effect on stresses and strains of the initiation 
of an inclined crack, a finite-element analysis was run for the case of a 
5-1/4 in. long inclined crack extending 3-1/2 in. above and 1-3/4 in. below 
the mid-depth of the slab (Fig. 3.21). The calculated change in strain at 
the bottom and top surfaces of the slab was hardly observable, and consequently 
is not shown graphically. 
Figure 3.22 shows the stresses through the depth of the slab at radii 
of 7-1/2 in. and 8-3/4 in. (sections A-A and B-B in Fig. 3.21). The size 
of the elements in the analysis was 1-1/4 by 1-1/4 in. Only the elements 
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adjoining the crack were noticeably affected by the crack. Consequently, 
the initiation of the crack cannot be observed from the strain readings 
obtained from gages applied on the surface of the slab or on the prestressing 
steele 
Figure '3.23 shows an inclined crack that has propagated to the top 
surface of the slab. The crack changes the load carrying mechanism of the 
slab in that the pressure is carried by Ii dome action. II The structure, 
cracked as shown in Fig. 3.23, was"analyzed using the finite-element model. 
The radial strains at the bottom and top surfaces of the slab is shown in 
Fig. 3.24. The radial strain at the outside surface was reduced considerably 
from the center of the slab to the intersection of the inclined crack with the 
top surfaceo This is r~asonable, because that portion of the slab bounded 
by the crack has lost ~o~t of its structural usefulness. At the inside 
surface the circle of inflection changed location only slightly, the most 
noteworthy change being the increase in the magnitude of strainQ 
The calculated tangential strains are shown in Fig. 3.25. 
surface of the slab there fs an increase in strain similar to the increase in 
radial strain. On the outside' surface inside of the . inclined crack the tan-
gential strain is reduced considerably, making the likelihood of further 
flexural cracking small once the inclined crack has developed. 
"The propagation of the inclined crack to the outside surface can be 
detected by studying the strain readings from the strain gages on the outside 
surface of the slab0 The strain gages just inside the anchorage plate can be 
expected to show only the residual strain caused by the prestress'ing when the 
crack reaches the outside surface. 
(c) Discussio'n' of Measured Strains 
The radial strain recorded at the outside surface and 11-1/2 ino from 
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the center of the slab is shown in Fig. :3 .17. At about 2500 psi, a decrease 
in compressive strain was recorded. The decrease cannot be explained by 
flexural cracking or the crack at the reentrant corner but must be entirely 
due to the inclined crack, indicating that the crack reached the top surface 
at a pressure of about 2500 psic A corresponding change at ,the same pressure 
is shown by the gages at 9-3/8 in. distance from the center (Fig. 3.16). 
Because of the removal of the precompression caused by prestress both sets of 
gages indicate tensile strains at higher pressures. 
These observations and the analyses described in the preceding section 
indicate that the development but not the initiation of inclined cracking 
can be sensed by the radial strain gages on the outside surface of the slab 
and near the anchorages of the longitudinal reinforcement. 
3.6 Development of the Cryptodome and Failure of the End Slab 
.(a) The Failure Mechanism 
The development of an inclined crack in a reinforced concrete beam 
changes the load-carrying mechanism from "beam action" to "arch action" a 
change which may lead to immediate failure. A deep beam resists the load as 
an arch even before an inclined crack develops. The main effect of the 
development of an inclined crack is to introduce geometric restrictions on 
the arch rib that carries' the normal and shear stresses. The behavior of 
a deep slab is analogous to that of a deep beam. The stress distribution in 
the slab, even at low internal pressures, can be c~mpared to that of a domes 
The development of the inclined crack reduces the thickness of the slab and 
imposes restrictions on the configuration of the dome. 
The inclined crack initiates at the neutral axis and at about half the 
slab thickness from the edge of the anchorage plate of the longitudinal rods. 
It propagates toward the edge of the anchorage plate of the longitudinal rods. 
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The crack propagates also toward the inside surface of the slab at a 
decreasing slope. The change in slope is caused by the high radial compres= 
sive stress close to the inside surface of theslabe 
At this stage failure may occur through three mechanisms: 
(1) The section of concrete between the tip of the inclined crack and 
the inside surface of the slab decreases continuously, causing increasing 
radial and shear stresses. This stress combination may cause a shear failure 
at the extreme point of penetration of the crack (Fig. 3.26). 
(2) The inclined crack may propagate to the center of the slab at a 
continuously decreasing slope, carving out a plug similar to a segment of a 
sphere. A complete cryptodome, bounded by the inclined crack, is formed 
inside the slab (Fig. 3.27). The cryptodome may be able to resist a further 
increase of internal pressure. Ultimately the dome fails because of a com-
bination of high normal and shear stresses (Fig. 3.28). 
(3) The horizontal.support of the dome is provided by the circumferential 
prestressing wire. At any stage during or after the development of the crypto-
dome the wire may fail. This type of failure is precipitated by rapidly 
increasing deflection of the slab due to yielding of the wire and rotation of 
the slab at the edge and is classified as a flexural failure (P aul et aI" 
1969). 
The stress conditions in the cryptodome are complex for all three 
mechanisms of failure.. The stresses are multiaxial and extremely high. 
The strain gages on the inside surface indicate strains on the order of 0.002 
while the internal pressure is still increasing. It is clear that the 
strength and deformation characteristics of the concrete in the cryptodome 
cannot be expressed on the basis of information from cylinder tests under 
uniaxial compression. The properties of concrete under triaxial stress are 
discussed in Chapters 5 and 6. 
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(b) Failure Planes 
Sections of the failure surfaces for three vessels failing in shear are 
shown in Fig. 3.29. In a diametral section, the failure surface consisted 
ideally of two plane portions. Plane I started at the edge of the anchorage 
plate and proceeded downward making an angle of about 45 degrees with the 
vertical. The concrete surfaces along Plane I were examined after the tests 
and showed rough surfaces confirming that no shearing had occurred along this 
plane and that the cracking was indeed caused by tensile stresses. Plane II 
made a smaller angle with the vertical. The concrete surfaces along Plane II 
were smooth indicating that the failures were caused by shear. 
The inclination of the two planes varied around the vessel. The 
maximum and minimum inclinations are given in parentheses in Fig. 3.29. For 
Plane I the average angles between the vertical and the surface were between 
43 and 44 degrees for the three specimens in spite of their differeng geo-
metrical shapes. For Plane II, the average angles varied between 15 and 25 
degrees with the vertical. A photograph of vessel PV16 after failing in 
shear is shown ~n Fig. 2.8. 
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4. OBSERVED RESPONSE OF THE TEST VESSELS WITH PENETRATIONS IN THE END SLAB 
4.1 Introduction 
In this chapter the observed phenomena in the tests of four vessels with 
penetrations 8 ino from the center of the end slab and one vessel with pene-
trations 4 in. from the center of the end slab are discussed in relation to 
the response of vessels with solid end slabs. In designing the test vessels 
with penetrations, it was desired to locate the series of penetrations in a 
position that would be most critical for tile shear strength of the end slab. 
It was observed in the test of vessel PVl6 with a solid end slab that 
inclined cracking initiated at mid-height of the slab on an 8~in. radius from 
the center. To have a direct influence on the development of the inclined 
crack, it was decided to place the penetrations in four of the vessels symmet-
rically along a circle with an 8-in. radius. 
There were two variables in the design of these four vessels: the 
number and the size of the penetrations. Two of the vessels were cast with 
penetrations of 4-in. diameter while the other two had 2-in. penetrations. 
In two vessels, PV18 and PV20, the penetrations removed 50 percent of the 
slab section along a circle of 8-in. radius. The other two vessels, PVl7 
and PV21, had half as many penetrations removing 25 percent of the concrete 
along a circle of 8-in. radius (Table 2.1 and Fig. 2.5). 
The dome which was formed in the end slab of vessel PVl6 failed about 
4-1/2 in. from the center of the slab. To investigate if penetrations in 
this section would influence the shear strength of the end slab, vessel PV19 
was cast with penetrations located 4 in. from the center of the slab, removing 
50 percent of the slab section along a circle of 8-in. radius (Fig. 2.6)0 It 
was shawn in Chapter 2 that the effect of penetrations may have been curtailed 
by the presence of sealing plates and it is unwise to draw conclusions based 
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on the experimental results. However, the analytical results for this 
vessel are shown. 
The following section of this chapter develops an analytical model for 
the vessels with penetrations. It is shown that a simple model based on 
axisymrnetry of the structure supplemented by idealized assumptions regarding 
the influence of penetrations can be used ir~tead of resorting to a three-
dimensional model. The model is used for comparison of the vessels with 
each other as well as with the vessel with a solid end slab and in the inter-
pretation of the test results. 
In section 4.3, the initiation and propagation of the inclined cracks 
are discussed. Strain gages were mounted on the concrete inside the pene-
trations in the area where the inclined crack was initiated. Thus the 
initiation of the inclined crack could be studied, which was not possible 
for vessels with solid end slabs. 
In sections 4.4 and 4.5 the crack at the reentrant corner and flexural 
cracking as observed in the tests of the vessels with penetrations are 
discussed. 
Observations of the failure mode of the vessels are discussed in section 
4.2 Calculated Influence" of Penetrations 
A vessel with penetrations in the end slab is not an axisymmetric 
structure. The finite-element solution presented ~n Chapter 3 cannot be used 
in evaluating the stress condition in such a vessel. It could be analyzed 
using a three-dimensional solution but such an approach would be unwieldy 
and expensive and may not lead to a substantially better result than a modified 
two-dimensional solution. 
In this section a simple approach is described based on the following 
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two assumptions about the stress condition in the neighborhood of the 
penetrations. 
The tangential strains at the same distance from the center of the 
slab as the penetrations are small. If there are several penetrations 
within a torus (Fig. 4.1) the tang~ntial stress in the torus approaches 
zero. The more penetrations there are, the better is this assumption. 
Furthermore, it is preferred to overestimate rather than underestimate the 
influence of the penetrations because the correct solution is then bounded 
by the solutions for a vessel with a solid end slab and for a vessel with 
penetrations in the end' slab. 
If the assumption is made that the tangential stress is zero in the 
area between the penetrations, the slab can be considered as consisting of 
a solid cylinder inside a thick-walled cylinder, the two interacting through 
springs (Fig. 4.2). The springs transfer normal and shear stresses in the 
radial-vertical plane. The stiffness of the springs is determined by the 
amount of concrete remaining between the penetrations. 
The calculated effect on radial and tangential stresses of penetrations 
in a slab subj ected to uniform pr'essure in the radial direction is shown in 
Fig. 4.3. The app.roximations described above have been used to simulate 
the effect of the penetrations. If 50 percent of the concrete is removed 
(Fig. 4~3a) the radial stress will reach a maximum of more than twice that in 
a solid slab. 
The changes in the tangentia~ stress resulting from the introduction of 
the penetrations can be estimated directly from the conditions of equilibrium. 
For a given external pressure, the integral of the tangential stresses al~ng 
a diameter has to remain constant. If the penetration removes a certain portion 
of the diameter, the stresses in the remaining portions increase. In the solid 
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end slab, the tangential stress would have been uni ty 0 
The approximations described above have to be incorporated into the 
finite-element program because of the complicated geometrical shape and 
loading condition of the vessels 0 The finite-element tori that are cut by 
penetrations are modified in the way described above by setting the modulus 
of elasticity ,in the tangential direction to zero and by reducing the modulus 
of elasticity in the radial-vertical plane in proportion to the amount of 
concrete that is removed by the penetrations in each torus. 
Solutions have been obtained for all vessels with penetrations using 
the approximations described above. The solution for PV16 has been used 
as a standard of comparison. The material properties and the prestressing 
levels do not differ very much between the vessels (Table 2.1). To evaluate 
the influence of the penetrations properly, the material properties and 
prestressing level of PV16 have been used in the solutions for all vessels, 
thus making the size, number and location of the penetrations the only 
variables. 
In comparing the finite-element solutions with the solution in Fig. 4.3 
the s trains at mid~height of the slab are mos t appropriate to use since the 
influence of bending is small at that level. Figure 4.4 shows the radial 
strains at mid-height of the slab under the influence of the prestressing 
forces. A comparison of the radial strains for vessels PV16, PV17 and PV18 
(vessels with 0, 25 and 50 percent, respectively, of the slab section ~emoved 
at a distance of 8 in. from the center) shows that the magnitude of the strain 
varies with the amount of section removed in the same way for both the finite-
element solution and the solution in Fig. 4.3. 
Figure 4.5 shows the tangential strains at mid-height of the slab due to 
prestress. These results also compare favorably with the results in Fig. 4.3. 
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Finite values of the strains at penetrations refer to average deformations of 
the tori containing the penetrations. The stress at these locations is zero 
because, in the finite-element solution, the modulus of elasticity of the 
elements contained in those particular tori has been assumed to be zero. 
Figures '4.6 and 4.7 show the radial and tangential strains at mid-height 
of the vessels at 3200 psi internal pressure with the strain due to prestress 
subtracted. The vessel is assumed to be uncracked. These results can be 
compared directly with the initial slope of the strain readings obtained in 
the tests. A comparison between calculated strains at mid-height for different 
vessels show that throughout the slab they are related in about the same way 
as for the case of prestress only. Evidently the radial and tangential strains 
at mid-height of the vessel are only slightly affected by bending and are 
mainly due to changing stress in the circumferential wire. 
The corresponding results for strains at the outside and inside surfaces 
of the slab are shown in Fig. 4.8 through 4.15. These results can be compared 
with strain readings obtained from gages mounted on the surface of the slab 
during the tests of the vessels. 
The most important indication of the finite-element solutions is that the 
strains, :except at locations close to the penetratiorts, are not sensitive to 
the number and size of the penetrations in the test vessels. The differences 
are too small to be confirmed by strain gage readings or to be of major impor-
tance to the behavior of the vessel. 
4.3 Initiation and Propagation at' the Inclined Crack 
In the vessels with solid end slabs the condition leading to an inclined 
crack and the initiation of the inclined crack could not be measured directly 
(Chapter 3). The conclusions drawn were based upon the post-test inspections 
of some slabs that did not fail structurally and on the analysis of the stress 
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condition in the end slab. 
The introduction of penetrations through the slab made it possible to 
record the initiation of the crack. The inclined crack is assumed to start 
at mid-height of the slab and at half the slab thickness from the edge of the 
anchorage plate. Strain gage rosettes, measuring the vertical, diagonal and 
horizontal strains, were mounted at mid-height of some of the penetrations in 
an effort to determine the initiation of the inclined crack. 
(a) Initiation of the Inclined Crack 
The measured radial strains in the penetrations of vessels PV17, PV18, 
PV20 and PV2l are shown in Fig. 4.16 through 4.19. The radial strains indi-
cated by the finite-element solutions are also shown in the figures. In 
general, the agreement between the calculated and measured strains is satis-
factory until cracking is initiated. In the area where the penetrations are 
located, the axisymmetric finite-element solution appears to estimate the 
radial strains correctly. 
The vertical strains at mid-height of the slabs inside the penetrations 
are shown in Fig. 4.20 through 4.23. These measurements also compare well 
with the finite-element solutions. 
The radial and vertical strains calculated for the case of internal 
pressure only by using the finite-element model agree well with the strain 
gage readings. It is therefore assumed that the radial strains for the case 
of prestressing load are evaluated equally well by the finjte-element method 
for known forces in the prestressing wire and rods. The vertical strains in 
the end slab related to prestressing are very small. 
The shear strains at mid-height of the slab and inside the penetrations 
as calculated from the multiaxial strain readings are shown in Fig. 4.24 through 
4.27. In all cases the finite-element solutions indicate shear strains smaller 
than those measured. 
28 
The discrepancy in calculating the shear strain is due to the size of the 
elements 0 The effect of element size on the shear strain for the case of PV20 
with 2-inc penetrations is illustrated in Fig. 4.28. In the finite~element 
model used, the radial dimension of the element was 1 in. Thus, elements 
located between circles with radii 7 and 8 in. were used. These elements are 
tangent to the center of the penetrations as well as the circumference. The 
effect of the penetrations is averaged in the elements. In the section between 
radii 7 and 8 in., an average of 40 perc.ent of the concrete was removed so the 
modulus· of elasticity used in the analysis is reduced to 60 percent of the 
value used in the rest of the vessel. However, at a radius of 8 in. 50 percent 
of the concrete is removed. Thus, the calculated shear strain at a radius of 
8 in. is increased by only 67 percent instead of 100 percent. This could be 
corrected by using smaller elements which represent the penetrations more 
accurately. However,it is not warranted· to use smaller elements because the 
shear force along any cir·cumference is uniquely determined by equilibrium and 
is independent of the f'oree-deformation relationship. Plio good es timation is 
obtained if the shear strain calculated from the finite-element solution for 
PV16, increased in proportion to the.slab section removed at a radius of 8 in., 
is used as a comparison. The results of this estimate are shown by the broken 
lines in Fig. 4.24-4.27. 
The size of the elements, which led to the disparity between calculated 
and measured shear strains, does not seem to have adversely affected the 
calculations of vertical and radial strains as they show good agreement with 
the strain gage readings. 
In Chapter 3 it was shown that the initiation of an inclined crack in a 
solid slab affects the strain in the concrete only locally. Before the crack 
propagates to the top surface only those gages bridging the crack or very close 
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to it can be expected to record the crack. There is no reason to assume this 
to be different in a slab with penetrations. Although the gages were located 
where the crack is believed to have started, all of them cannot be expected to 
record the event. For this reason the initiation of the crack is assumed to 
have occurred at the internal pressure at which anyone of the gages at mid-
height indicates cracking. Therefore, the inclined crack is assumed to have 
started between internal pressures of 1250 and 1500 psi in PV17 (Fig. 4.20) 
and between 1400 and 1600 psi in PV18 (Fig. 4.17 and 4.21). 
To. determine the internal pressures corresponding to the initiation of 
the inclined cracks in PV20 and PV21 from individual strain gage measurements 
proved futile. The strain gages do not record any appreciable deviation before 
internal pressures of 2000 psi. Such a late development of the inclined crack 
is very unlikely in view of the cracking pressures for the other vessels and 
cannot be accepted as being correct without further investigation. 
The rosette gages mounted in the penetrations at mid-height of the slabs 
measured strains in three directions in the radial-vertical plane. These 
readings made it possible to calculate the strain in the horizontal-vertical 
plane in polar coordinates so that the strain in any direction could be 
obtainedo Figure 4.29 shows in polar coordinates the strains measured by a 
particular rosette gage located at mid-height in one of the penetrations in 
the end slab of vessel PVI7. This particular gage was chosen for discussion 
because the indicated strains represented median values of those measured at 
comparable locations. 
To evaluate the significance of the strains in Fig. 4.29 the influence 
of the prestressing has to he known .. The vertical and radial strains_due to 
prestress can be obtained from the finite-element solutions (Fig. 4.4 and 4.5). 
The shear strain around the penetrations due to prestress is very small so any 
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inaccuracy in the finite-element solution can be neglected. The strains in 
polar coordinates due to prestress are shown in Fig. 4.30. Two more curves 
are drawn, showing tensile strains of 0.00015 and 0.00030 which are reasonable 
bounds to the cracking strain of concrete. 
Figure 4.31 shows Fig. 4.30 superimposed on Fig. 4.29. According to 
this interpretation a net tensile- strain is developed before an internal pres-
sure of 500 psi is reached. If a cracking strain of 0.0003 is assumed, cracking 
can be expected to occur an an internal pressure of 1250 psi and at an angle 
of about 45 degrees wi~h the horizontal. This is a reasonable inclination of 
the crack and the stimated cracking load is consistent with the previous men-
tioned way of determining the cracking load. 
Even after a net tensile strain of 0.0003 is reached, the strain continues 
to increase smoothly (Fig. 4.31). Some gages have recorded net tensile strains 
of 0.0006, which is much higher than any reasonable assumption of the cracking 
strain of concrete. The reason for the high measured strain is that initially 
an inclined crack, located within a solid body and fairly short, is very fine. 
It does not break a strain gage that spans it~ but only increases the average 
strain that is recorded by the strain gage. Not until the crack is longer, 
perhaps extended to the top surface, is it wide enough to manifest itself 
through the strain gage readings as a crack. 
Using the method illustrated in Fig. 4.31, the internal pressures corre-
sponding to the initiation of the inclined crack in the other vessels were 
estimated to 1350 psi for PVl8 (Fi,g. 4.32), 1400 psi for PV20 (Fig. 4.33) and 
1500 psi for PV21 (Fig. 4.34). The variation in the internal pressure at 
which the inclined crack was initiated is small even though the number and 
size of penetrations varied considerab'ly. 
The observed variation-in the cracking pressure was considerably less than 
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the reduction of the perimeter through the centers of the penetrations. This 
result is related to the mechanism of cracking. Consider a hypothetical end 
slab made of concrete that has no tensile strength. The strain leading to 
cracking can be considered to be the sum of a compressive strain caused by 
prestressing, EO' and a tensile strain caused by the internal pressure, 
E = Aa 
o 0 
E Bo g g 
E : g 
(4.1) 
(4.2) 
Cracking occurs when Eg exceeds EO' When penetrations are introduced the 
constants A and B are changed. However, it was found using the finite-element 
solutions that the ratio AlB remained almost constant. Thus, the internal 
pressure at which cracking is initiated can be expected not to vary when 
penetrations are introduced into the hypothetical end slab. 
But the concrete has some tensile strength which has to be taken irito ac-
count. Equation 4.1 has to be changed so that the tensile strain at cracking, 
included in £ 
o 
E 
o 
(4.3) 
To determine the influence of the penetrations on the cracking pressure 
the relation 
E 
o 
-= 
E g 
(4.4) 
has to be studied. For the solid slab, the terms AOo and E t in Eq. 4.4 were 
comparable. 
The variable S is defined as the solid perimeter divided by the total 
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perimeter at any section. If it is-assumed that A and B vary -inversely with 
S (meaning, for example, that if the penetrations reduce the perimeter by 50 
percent the strains are doubled) and that the terms Acr
o 
and E t are identical 
for a solid slab, EqG 4.4 reduces to 
1. + 1 
S 
ccr g 
S 
(405) 
Cracking is assumed to occur when Eq. 4.5 is equal to' unity, which occurs 
at an internal pressure of 
cr JB I + S 
g 
(406) 
c 
It follows that in-going from the .end slabs with S equal to 0.75 to 
those with S equal to 0~50, the teduc~ion in ~racking pressure is only 0.14. 
In view of the scatter to be expec~ed as a result of concrete strength, 
of cracking at other locations, and of measuring inaccuracies, it is not 
surprising that no consis tent trend was observed in the measured cracking 
pressures for the end slabs with different numbers and, sizes of penetrationso 
(c) Propagation of the Inclined Crack 
It was shown in Chapter 3 that the emergence of the inclined crack at 
the top surface of the slab can be sensed by gages mounted in the radial 
direction on the top surface of the slab •. 
Vessels PVl7 and PVl8 had 4-io. penetrations. Gages were mounted in the 
penetrations at radii ~ and 10 in. from the center of the slab so that the 
development of the inclined crack could be recorded at two more points along 
According to the method of observation described in the previous -section, 
the inclined crack in vessel PVl7 initiated at 1250 psi. Gage C44 (Fig. 4.35), 
located 10 in. from the center of the slab inside the penetration and just 
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below the expected trajectory of the crack, recorded an increase in the rate 
of compressive strain after 1500 psi internal pressure, indicating increased 
"dome-action" because of the development of the inclined crack. 
The inclined crack affected the radial strains along the outside surface 
after 2250 psi (Fig. 4.36). Evidently the compressive radial stress at the 
top surface restrained the propagation of the inclined crack. 
The propagation of the inclined crack toward the inside face of the end 
slab should be sensed by gages mounted inside the penetrations at the location 
shown in Fig. 4.37. Gage C65, which is close to the expected path of the 
inclined crack, recorded tensile strains on the order of 0.0006 (the compres-
sive prestrain plus the net tensile strain) at a pressure of approximately 
2500 psi indicating that the crack reached this level. 
Gages were mounted in corresponding locations in vessel PVI8. The 
inclined crack initiated at about 1350 psi. The gage 10 ~n. from the center 
of the slab recorded the crack after 1400 psi (Fig. 4.38) and it reached the 
top surface after 2100 psi (Fig. 4.39). In propagating downwards the crack 
crossed the strain gage mounted 6 in. from the center of the slab and 2-1/2 in. 
from the bottom surface at 2500 psi (Fig. 4.40). 
Vessels PV20 and PV2l did not have any gages in the penetrations besides 
the one at 8 in. from the center of the slab. The only information about the 
propagation of the inclined crack is derived from the radial gages at the top 
surface of the slab. In the test of vessel PV20, the inclined crack reached 
the top surface at 2000 psi internal pressure (Fig. 4.41), while in vessel 
PV2l the same event took place at a slightly higher pressure, 2250 psi (Fig. 
4.42). 
For vessel PV19, which had penetrations located 4 in. from the center 
of the slab, the formation of the inclined crack could not be traced. The 
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gages on the outs ide face of the slab firs t recorded the inclined crack at a 
pressure of about 2700 psi (Fig. 4.43). 
The following conclusions can be drawn from observations of the propagation 
of the inclined crack: 
(a) The inclined crack was in! tlated at about mid=heigh t of the slab 
at an angle of approximately 45 degrees with the horizontal. 
(b) The crack propagated first toward the outer surface of the end slab 
while its propagation toward the inside ~urface is almost negligible. 
(c) The propagation of the crack toward the outer surface was slow due 
to the restraining effect of the radial compressive stress close to the an'-
chorageplate of the longitudinal prestressing rods. 
(d) Downward propagation of the crack was not recorded until after the 
inclined crack had reached the top stirface. 'This is attributable to the 
redistribution of shear stresses occurring w~en the inclined crack reaches 
the top surface. The entire shear force then has to be transferred by the 
concrete section between the tip of the inclined crack and the inside 
surface of the slab (Fig. 4.44). 
(e) The rate of progress of the inclined crack toward the outer surface 
of the slab was faster in the slabs having penetrations. 
4.4 Crack at the Reentrant Corner 
The stress gradient is very high at the reentrant corner making it 
difficult to determine the absolute stresses. However, a comparison between 
the finite-element solutions for the different vessels shows the influence of 
penetrations on the stresses at the reentrant corner. The radial, vertical 
and shear s tresses at the reentrant corner have to be s-tudied as they are 
all very high. The radial compression caused by the prestressing is lower 
in vessels with penetrations than in a vessel with a solid slab, Figo 4.8. 
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Furthermore, the additional tensile strain caused by the internal pressure 
is slightly higher in a vessel with penetrations in the end slab compared to 
a solid one, Fig. 4.10. Therefore, the net tensile radial strain can be 
expected to be slightly higher if the slab has penetrations. The vertical 
strain is of about the same size as the radial strain but the variation 
caused by penetrations is almost zero. Also the shear strain, which is very 
large, is virtually unaffected by the presence of penetrations~ The composite 
effect of the three stresses is that the initiation of the crack at the 
reentrant corner is almost independent of penetrations in the end slab. 
It was shown in Chapter 3 that the crack at the reentrant corner would 
affect the radial gages close to the crack. In PV16 the crack is believed 
to have been initiated between 1200 and 1600 psi internal pressure. 
The crack can be detected by the same method in the vessels with pene-
trations. It is believed to have initiated at about 1250 psi in PV17 (Fig. 
4.45), between 1000 and 1200 psi in PVlS (Fig. 4046) and between 1200 and 
1400 psi in PV20 (Fig. 4.47). In PV2l there were no radial gages close to 
the reentrant corner but circumferential gages indicate cracking between 
1250 and 1500 psi (Fig. 4.4S). 
In vessel PV19 the crack was initiated between 1500 and 1750 psi internal 
pressure (Fig. 4.49). 
Usually the initiation of the crack at the reentrant corner is manifested 
by a very distinct reversal in the radial strain. This is not the case for 
PVlS (Fig. 4.46), in which the increase in strain only stagnates. The reason 
for this may be a circumferential crack connecting the penetrations on the 
inside of the slab. The crack was discovered after the test but it is not 
possible to determine at what pressure it developed. 
To determine the internal pressure at which cracking is initiated at the 
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reentrant corner the load steps should have been smallere The only conclusion 
that can be dr8Wn is that the crack initiated at about the ~ame internal pres-
sure in all vessels and seems to have been independent of the penetration~@ 
4.5 Flexural Cracking 
(a) Introduction 
Before cracking, the solid end slab resists the load primarily in flexure. 
If penetrations are introduced, one section of the slab is made weaker but 
the internal pressure is still resisted by bending as long as the concrete 
is intact. The main difference is that the strains in the concrete between 
the penetrations is higher than they would be in a solid slab. 
(b) Observed Response 
The calculated change in radial strains at the outside of the slab 
caused by the internal pressure only is shown in Fig. 4.14. It can be seen 
that the slabs with 4-ins penetrations can be expected to have a slightly 
larger strain at the center of the slab than the slabs with 2-ioo penetrations 
which in their turn can be expected to have a larger strain than the solid 
slab. The difference between the two extreme values is less than 20 percent. 
The strain measured at the center of the outside face of the end slab 
of vessel PV16 is shown in Fige 3.9. The rate of strain increase was sl.ightly 
smaller than predicted 'by "the finite-element solution. The rates' of strain 
increase measured in PV17 (Fig. 4.50) and PV20 (Fig. 4e5l) were almost the 
same as that measured in PV16. In PV18 (Fig. 4.52) and PV2l (Fig. 4.53) the 
measured rates of strain increase were slightly higher than in the other 
vessels. However, the differences are very small and do not correlate with 
the finite-element solutions. 
The radial strains were also measured at a distance of about 6-1/2 ina 
from the center of the slab. According to the analysis, the effect of pene-
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trations should be noticed on these gages through increased radial strains. 
However, no noticeable increases were recorded by the gages on PV17 and PV21, 
the slabs that had 25 percent of the concrete removed along a circular section 
8 in. from the center. For PVl8 and PV20, the measured strains (Fig. 4.54 
and 4.41) were significantly larger than the strains measured at the same 
radius in the solid slab (Fig. 3.15). 
To determine the internal pressure corresponding to the initiation of 
flexural cracking the strains caused by the prestressing forces and by internal 
pressure have to be evaluated. According to the finite-element solution the 
strain due to prestress on the outer surface at the center of the slab is 
slightly higher in vessels with penetrations than in vessels with solid end 
slabs (Fig. 4.12). However, in all slabs the pres tressing level at the top 
surface was very small compared with the expected strains caused by the internal 
pressure.. The strains caused by internal pressure were larger between the 
penetrations than they were in the same section in a solid end slab. The 
measured strains for PV18 (Fig. 4.52 and 4.54) show that the rate of strain 
increase at the center of the slab and at a distance of 6-1/4 ine from the 
center were almost the same. Therefore, two types of flexural cracking were 
possible: (a) radial cracks originating at the center of the slab and (b) 
a circumferential crack passing through the penetrations. In PV18, both 
types of cracking were observed after the test. The circumferential crack 
penetrated about 6 in. below the top surface of the slab and about 2 in. 
below the level of the inclined crack (Fig. 2.12). Presumably, that part of 
the crack which fell between the inclined crack and the inside surface of the 
slab closed at higher internal pressures under the influence of the thrust 
in the cryptodome. 
It was not possible to determine if circumferential cracks developed in 
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the slabs of the other vessels because the slabs were badly damaged at the 
end of the test as a result of explosive failures. 
The calculated radial strain along the outside face of vessel PV19 had 
its maximum value between the penetrations (Fig. 4014). A circular crack 
developed connecting the penetrations (Gage C49 in Fig. 4.43) and relieving 
the strains in the center part of the slab (Fig. 4.55). 
The internal pressure at which flexural cracking initiated varied 
between vesselsa The internal pressures after which flexural cracking 
occurred were 500 psi for PV19 (Fig. 4.55), 750 psi for PV21 (Fig. 4.53), 
1000 psi for PV17 (Fig. 4.50) and PV18 (Fig. 4.52) and 1200 psi for PV20 
(Fig. 4051) as compared with 1250 psi for'PV16 (Fig. 3;,9').; There is a 
tendency for flexural cracking to develop earlier in a slab wi th penetrations. 
Except for vessel PV19 the difference is small enough to be attributable to 
variations in material properti~s arid prestressing level. 
-.----·---4-e-6--hi-l-ur-E;-O-Lt-he-End-S-1-&b--
In the previous sections the similarities in crack patterns and crack 
development between vessels with and without penetrations have been pointed 
out. It is then not surprising to find that the type of failure and the 
failure load are only slightly affected by the introduction of penetrations 
in the end slab (Tab Ie 2.1). 
Because of the explosive failures a positive description of the failure 
characteristics is not possible. However, by combining the information from 
the five vessels with penetrations a general idea of what actually happened 
can be obtained. Vessels PV18 and PV19, which did not fail structurally, 
show the formation of the cryptodome while the other vessels show the location 
of the failure plane. 
Figure 2.12 shows a diametral cut of the slab of vessel PVIB with the 
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inclined crack marked with black dye. The slope of the inclined crack is 
initially 45 degrees. The location of the crack is clearly visible up to a 
distance of 5 in. from the center line of the slab. In the central portion 
of the slab, about 2 in. from the inside surface, horizontal cracks can be 
seen indicating that the cryptodome is formed even if the boundary is not 
clearly defined. 
In vessel PVI9, the flexural crack that connects the penetrations propa-
gated downward carving out a narrow but deep (about 7 in.) plug. The inclined 
crack formed but it cannot be confirmed if it propagated to the center of the 
slab or ended at the penetrations (Fig. 2.13). 
The failure planes for the three vessels failing in shear are shown in 
Fig. 2.9 to 2.11. The inclined cracks of these vessels had initial slopes 
that were about 45 degrees. The failure planes were located 8 in. from the 
center of the slabs, i.e. through the section where the penetrations were. 
The planes made angles with the vertical of about 20 degrees. If vessel 
PV18 had failed structurally, the failure plane would probably have been 
similar to that of the other vessels. 
It is likely that the cryptodome was fully developed in all four vessels 
with penetrations 8 in. from the center, as they all reached the maximum 
pressure of PV18. The failure occurred in the section where the most dangerous 
stress combination was developed, which for all vessels, probably PVl8 too, 
was the section with penetrations. 
The failure pressures were influenced very little by the penetrations, 
it was 3200 for PV16 while it varied between 3000 and 3300 psi for the vessels 
with penetrations 8 in. from the center. Vessel PV19 with penetrations 4 in. 
from the center failed at an internal pressure of 3500 psi. This variation 
is small enough to be attributable to varying material properties and prestress 
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levels as well as to the penetrations. 
The tests showed that a limited number of penetrations did not lower the 
maximum internal pressure. If still more penetrations are introduced a point 
can undoubtedly be reached where the strength of the slab is adversely affected. 
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5. REVIEW OF FAILURE THEORIES FOR CONCRETE 
5.1 Introduction 
The propagation of the inclined crack leads to the formation of the 
cryptodome in the end slab. The failure of the concrete in the cryptodome 
is likely to occur under a complex state of multiaxial stresses. There is 
as yet no generally accepted or confirmed failure criterion for concrete 
subjected to stresses in three directions. The following sections review 
various methods for predicting the failure of concrete in order to describe 
explicitly the considerations involved in the selection of the failure cri-
terion used in calculating the strength of the end slab. 
The failure criterion refers to the effects of stress at room temperature. 
Its selection was guided by three factors: 
1. The theory should make possible an accurate prediction of the 
failure stresses. To judge the reliability of the theory, its predictions 
have to be compared with test results. However, different researchers have 
often reached widely different failure loads for what was believed to have 
been the same loading condition.. Therefore, it is also necessary to evaluate 
the available test resultso 
2. The failure criterion to be used should be as simple as possible 
and certainly no more complicated than is warranted by its accuracy and scope 
in relation to the supporting data. 
36 The stress combinations considered are limited to cases where none 
of the principal stresses is tensilee 
5.2 The Octahedral Shearing Stress Theory 
In using the octahedral shearing stress theory, the normal and shearing 
stresses on an octahedral plane, relative to the principal planes, are 
calculated. 
L 
oct 
o 
oct 
42 
Failure is predicted by relating the octahedral normal stress to the 
(5.1) 
octahedral shearing stress 
L = f(o ) 
oct oct 
(5.3) 
Bresler and Pister (1957 and 1958) performed combined compression and 
torsion tests on hollow cylinders. Thus they created a biaxial state of 
stress with one of the, principal stresses compressive and the other tensile. 
They found a consistent and nearly linear relationship between Loct and 00ct 
but they stated that their results could not be extended to either biaxial 
compression or to triaxial compression9 
Bellamy (1961) performed tests on hollow cylinders which failed under 
either triaxial or biaxial compression. He compared the octahedral shearing 
stress with the octahedral normal stress determined in his tests as well as 
in tests by Richart, Brandtzaeg and Brown (1928), and Balmer (1949) e However, 
for low values of. 0 tlf ,a large scatter was obtained and no correlation 
oc cu 
could be' found. 
good. 
For higher values of 0 If the correlation obtained,was 
oct ell 
All these test data are from triaxial compression tests where the two 
smallest stresses are equal. For this case the Eqo 5~1 and 5.2 are simplified 
to 
L = 2i3(a - 0 ) 
oct 1 2 (5.4) 
o 8 1/3(a1 + 202) oct 
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If these equations are combined with Eq. 5.3 the following relationship 
is obtained 
(5.6) 
Equation 5.6 leads to a failure criterion that is identical to the one 
based on Mohr's stress circles and which is described in section 6 of this 
chapter. Consequently, for the case of triaxial compression when 02 = 03 the 
octahedral shearing stress theory is not better than the criterion based on 
Mohr's stress circles. 
The only advantage the octahedral shearing stress theory may have is its 
possible capability to predict the failure load of concrete subjected to three 
principal stresses of different magnitude. However, for cases of triaxial 
compression other than 01 > 02 ~ 03* there are no reliable experimental results. 
Therefore, there is no justification for using the octahedral shearing stress 
""theory for an arbi trary s tress combination 0 Indeed, "there are reas ons to 
suggest that this theory may indicate as safe certain stress combinations which 
will cause failure. Figure 5" 1 shows a relat ion be tween ° t and T calcu-
DC oct 
lated from test data for the case 01 > 02 = 03 reported by Balmer (1949). The 
data show a smooth and consistent relationship. Any stress combination which 
is represented by a po~nt below these data would be called admissible according 
to the octahedral shearirig stress theory. Two particular stress combinations 
are considered below to check the applicability of this hypothesis. 
Consider a stress combination with 01 = °2 a 5f and 03 = O.lf • This eu cu 
is essentially a biaxial stress condition and should be unsafe because it is not 
plausible to expect that the third principal stress of O.lf ___ would increase "the 
l.:U 
, . 
strength in the other two directions from approximately 1.2fcu for 03 = 0 
*These inequalities are written with respect to the absolute magnitudes of the 
stresses. 
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(Kupfer, Hilsdorf, Rusch, 1969) to 5f
cu 
for 03 = aolfeu. However, the octa-
hedral shear and normal stresses for this stress condition locate it at a 
point below the limiting stress combination (Fig. 5.1). A similar result 
is obtained for ° = 02 = 10f and 03 E f (Fig. 5.1). 1 CU Cll 
From the preceding discussion, it follows that the octahedral shearing 
stress theory is neither accurate nor safe for general use. 
5.3 The Maximum Distortion Energy Theory 
The maximum distortion energy theory, also called the von Mises yield 
criterion, is strictly applicable to a material which remains linearly elastic 
up to the yielding str~ss. However, it does provide a scheme for incorporating 
the effects of combined stres~es on the strength of concrete. 
The energy of a material subject to stresses consists of energy due to 
volume change and energy due to distortion. The energy due to distortion, 
chosen as a criterion for failure, can be expressed as 
For an unconfined compression test, Eq~ 5.7 becomes 
U = distortion 
The failure criterion 'obtained is then 
2 
12G 
2 
= 2 (f ) 
cu 
(5.7) 
(5.8) 
(5 G 9) 
If Eq. 5.9 is compared,with Eq.' 5:1 to 5.3 it is evident that the maximum 
distortion energy theory is a special case of the octahedral shearing stress 
theory fo,r which Eq. S.3 is 
T = constant 
oct 
(5.10) 
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It is then clear that the maximum distortion energy theory has the same draw-
backs and limitations as the octahedral shearing stress theory. 
For a triaxial test where 01 > 02 = 03' Eq. 5.9 is simplified to: 
(0 - ° ) 2 1 2 (5.11) 
This relationship is plotted in Fig. 5.2 for different values of 01' and °
2
" 
As it is evident from the figure, the basis for Eq. 5.11 is a constant limiting 
shear stress. However, existing data (Richart, Brandtzaeg and Brown, 1928) show 
convincingly that for higher compressive ·stresses in the principal directions, 
higher shear stresses can be carried. This criterion is therefore not suitable 
as a general failure criterion for concrete. 
5.4 The Limiting Tensile Strain Criterion 
The limiting tensile strain criterion is based on the notion that the 
material fails when the tensile strain in any direction reaches a limiting 
value. If 01 > 02 > ° the limiting tensile strain is 
- - 3 
where 
== average s t.ress at this particular stress combinat ion 
Ei average strain 
vi = Poisson's ratio corresponding to Ei 
Several problems arise in applying this criterion to concrete. 
(5.12) 
The limiting strain varies. Different values of the limiting strain 
have been obtained for different concrete mixes and different types of loading 
(Anson, 1964) 0 A value frequently used is 0.0001, but even twice that value 
can easily be justified. 
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The value of Ei varie~ with the stresses. In tests with triaxial compres-
sion it can decrease to 1/5 or less of its initial value (Balmer~ 1949; Richart, 
Brandtzaeg and Brown, 1928)0 
Poisson's ratio is often assumed to be O,,15~ However, at higher stresses 
internal cracks will develop and the apparent value of Vi will increase con-
siderably. 
Anson (1964) and Baker (1970) have used the limiting strain criterion in 
order to determine the strength of concrete under complex states of stress. 
Concrete was assumed to be essentially a two-phase material consisting of 
aggregate surrounded by softened mortar. This structure was simulated as a 
lattice with the joints at the center of the pieces of aggregate. The stiff-
nesses of the different components of the lattice were chosen to simulate the 
behavior of concreteo The structure was loaded and the strains in the different 
members calculated o A failure criterion for the components was obtained by 
assuming a limiting tensile strain. It could then be demonstrated that E and 
V change as the load is increased. However, the lattice structure had to be 
kept simple and the method provided qualitative rather than quantitative results. 
To use Eq. 5.12 properly under all loading conditions, it is necessary to 
have information on the variations of E and V under all levels and combinations 
of stress. This is not possible today and it is doubtful if it will be possible 
within the foreseeable futures 
5.5 Failure Criterion Proposed by Hcmnant and Frederick 
In determining the combination of s tresses causing failure, Remnant and 
Frederick (1968) used a three-dimensional stress space with the principal 
stresses ° , 02 and 03 plotted along the axes (Fig. 503). 'Only one-eighth 
1 , 
of the stress space, where all stresses are compressive, was considered. A 
failure surface was defined as the limit of the safe domain of stress combi-
47 
nations not leading to failure and consisted of two main surfaces A and Band 
a transition surface C. The failure surface was obtained by compiling and 
plotting available data on stress combinations causing failure. 
(a) Surface A 
This surface represents the condition of biaxial compression. Much 
confusion prevails for this loading case as different authors have reached 
widely varying results (Kupfer, Hi1sdorf and Rusch, 1969; Vile, 1968; Fumagalli, 
1965; Iyengar, Chandrashekhara and Krishnaswamy, 1965)0 Tne biaxial strength 
found has varied from four times to less 'than the uniaxial compressive strength. 
Hannant and Frederick believed that the credible tests were those which indi-
cated the biaxial compressive strength to be slightly higher than the uniaxial 
compressive strength and chose a square criterion such that 
(b) Surface B 
°1 < f 
- ell 
°2 < f ell (5.13) 
Surface B represents one of the boundaries of the safe domain for conditions 
with all three principal stresses compressivee Test data have been reported 
only for the conditions 01 > 02 z °3 and °1 = 02 > 03
Q 
The condition 01 ~ 02 > 03 has been treated by Richart, Brandtzaeg and Brawn 
(1928) and Chinn and Zimmerman (1965). The former recognized that the results 
they obtained were not reliable. Frederick and Hannant thought that the 
results by Chinn and Zimmerman did not agree with accepted results obtained 
for biaxial compression and could not be used. 
The only case for which reliable data have been obtained is °1 > 02 = °3° 
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Hannant and Frederick used data from Richart, Brandtzaeg and Brown (1928), Chinn 
and Zimmerman (1965) and Balmer (1949) to obtain 
if 01 < 4f 
cu 
(5 .14) 
Equation 5.14 gives the line closest to the 01 axis. Lines' for 02 and 
° are obtained similarly. 
3 
The data available locate only three lines in the stress spacev The failure 
surface 'was ob tained by 'letting three planes pass 'through the three lines. 
(c) Transition Plane C 
The boundary of surface A will not coincide with surface Be To obtain a 
continuous surface a transition is needed. An arbitrary transition surface 
was obtained using the von Mises yield criterion 
0. - ° < f J i - Cll 
i, j m 1, 2, 3 (5 .. 15) 
The method described above gives a good geometrical picture of the stress 
condition and it is easy to relate any combination of principal stresses to 
the failure surface. 
Because of the limited amount of data available, surface Bgives.only a 
rough approximation of the actual failure surface. However, a refinement can 
be effected by extrapolating existing data. The strength is known for the 
case 01 > 02 == 03' ioe·. the intermediate stres·s is equal to the minimum 
stress. It is safe to assume that by increasing the intermediate stress the 
overall strength is not decreased. By doing this a lower bound for the con-
dition 01 - 02 >. 03 can be obtained from Eq. 5.14 
(5.16) 
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Equation 5.16 gives a line that is close to the 01 - O2 plane. Two 
more lines can be obtained using similar relationships. 
Equations 5.14 and 5.16 give six lines in stress space. A new surface B 
can be obtained by letting six planes pass through these six lines, a cross 
section of this is shown in Fig. 5.4. This surface coincides with the boun-
dary of surface A and a transition surface is not needed. The new failure 
surface is 
Surface A: 
° < f 2 cu (5.17) 
o 
Surface B: 
o - 40 := f 
i j cu i, j m 1,2, 3 (5.18) 
By comparing Eq. 5.18 with the results in the next section obtained 
using Mahris stress circles it is seen that they are identical. Consequently, 
the failure surface proposed by Hannant and Frederick is more conservative 
than the failure criterion based on Mohr's stress circlesv 
5.6 Failure Criterion Based on Mohr's Stress Circles 
Figure 5.5 shows Mohr's stress circles for different cases of triaxial 
compressive stress with 0 > 0 = ° . 123 Generally, for the condition °1 > 02 B 
03' the strength has been described by the relationship: 
The form of the function f(03) has been investigated by Richart, 
Brandtzaeg and Brown (1928), Balmer (1949) and Chinn and Zimmerman (1965). 
A comparison of their results (Hannant and Frederick, 1968) shows good 
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consistency and makes it reasonable to assume that if a < f then 
2 eu 
a :: a 
2 3 
To assume the function f(03) in Eq. 5.19 to vary linearly is an approxi-
mation which' is valid only within a limited range of a. It is known that 
. 3 
for high stresses the curve will flatten out (Balmer, 1949) and it may 
ultimately be horizontal conforming to the maximum distortion energy theory. 
Furthermore, the slope of the envelope rr+ay vary depending on the composition 
of the concrete. Tests by Smee (1967) indicated that the slope will vary 
with the uniaxial compressive strength of the concrete and with the maximum 
aggregate size used in the mix. However, for the mix used in the pressure 
vessel tests and at confining stresses less than the uniaxial compressive 
strength of the concrete, the coefficient used in Eq. 5.20 to indicate the 
rate of increase ofal with 03 is acceptable. 
The Mohr's circles constructed according to Eq. 5.20 are the extreme 
stress conditions attainable before failure. The failure envelope can be 
constructed as shown in Fig. 5.5. 
The Mohr's failure envelope does not recognize the intermediate principal 
stress. The failure envelope in Fig. 5.5 has been constructed for the con-
ditions a1 > 02 = a3 • 1f_02 is increased so that a1 > 02 > a3 , the envelope 
has to be constructed using 01 and-a 3• Any strength increase which may be 
caused by the increase- in O 2 cannot be accounted for 0 
An estimate of the strength ~ncrease due to the increase of a2 can be 
obtained with the help of results from biaxial tests. Figure 5.6 shows the 
strength of concrete under biaxial compression as reported by Kupfer, Hilsdorf 
and Rusch (1969). The maximum value of 0l/f when 02 is varied is l827f • 
cu cu 
Accordingly for the case 01 > a2 > 03 = 0, variation of a2 can cause a 
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variation in a of 27 percent. No similar test results exist for the case of 
1 
However, it is plausible to assume that a variation of a does not 
2 
cause a change in a of more than about 25 percent. If this assumption is 
1 
true, Mohr's envelope based on Eq. 5.20 can be considered to provide a safe 
and not unduly conservative criterion for the failure of concrete under 
triaxial compression. 
5.7 Conclusions 
A generally successful failure criterion for concrete is yet to be 
developed. Regarding the different criteria presented here, the following 
conclusions can be mad~. 
For the case of triaxial compression, there are no tests supporting the 
octahedral shearing stress theory. Furthermore, it is suspected that the 
theory gives results on the unsafe side for certain stress combinations" 
The maximum distortion energy theory assumes a limiting shear stress as 
failure criterion. It has been shown that this does not apply to concrete. 
The limiting tensile strain criterion is very sensitive to the determi-
nation of the values of E. and v in a triaxial stress state. Before a con-
l. i 
siderable improvement can be made in this, it is difficult to evaluate the 
theory fairly. 
The failure surface proposed by Hannant and Frederick is too conservative 
in its present state. However, it gives a good geometrical picture of ad-
missible stress combinations and may be very attractive if modified by 
test results for more stress combinations. 
Mohr's failure criterion is considered to be the most reliable in spite 
of its simplicity. It is considered a drawback that it does not take the 
intermediate principal stress into account, but its results are still as 
accurate as those of any other criterion for triaxial compression. Equation 
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5020 is considered to give a good approximation of the failure envelope for the 
concrete mix that was used and for the stress range to be encountered in the 
tested pressure vessels. 
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6. ANALYSIS OF THE STRESS CONDITIONS AT FAILURE IN A SOLID END SLAB 
6.1 Introduction 
In this chapter a method is presented to calculate the stress conditions 
in the end slab at the internal pressure at which collapse occurs. The stress 
condi tions in vessel PV16 are analyzed in detail to determine the parameters 
which have strong influences on the concrete stresses, and the magnitude and 
distribution of stresses under which fracture occurs. 
A description of the analysis for the case of linear response of the con-
crete is provided in the next section. A cryptodome limited by an inclined 
crack with a shape similar to the actual crack in vessel PV16 is used as an 
example. The stresses calculated in this particular cryptodome are described 
in section 6.3 leading to a quantitative discussion of the application of the 
failure criterion of concrete (Eq. 5.20) to the problem of determining the 
shear strength of the end slab. 
In section 6.4 the stress conditions are calculated for three cryptodornes 
with different shapes to demonstrate the effect of the shape on calculated 
stresses. 
TIle concrete is subjected to high triaxial compressive stresses in some 
parts of the cryptodome. The force-deformation relationship of concrete under 
these conditions is discussed in section 6.5 and the calculated influence of 
inelasticity on the stress conditions is shown with some examples. 
The last section contains a summary of the chapter. 
602 Description of Analysis 
The axisymmetric finite-element model that was introduced in Chapter 3 
is used to calculate the stresses in the end slab. At the failure pressure 
the behavior of the slab has changed greatly because of tensile cracking of the 
concrete and probably also by inelasticity of the concrete under the influence 
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of high co~ressive stresses. The extent of cracking at the failure pressure 
is known with good accuracy and is included by modifying the geometrical 
properties of the vessel in the analysis. The extent of inelasticity of the 
concrete because of high compressive stresses is not known and initially it 
is assumed that a linear force-deformation relationship can be used. Figure 
6.1 shows the finite-element model with the geometrical modifications intro-
duced. 
The crack originating at the reentrant corner has propagated through most 
of the wall at the failure pressure (Fig. 3.1). Vertical stresses can still 
be transmitted close to the exterior wall surface but only small shear stresses 
can be carried over the area of concrete that is left. Therefore, th~ entire 
wall is ignored in the analysis and the slab is considered to be simply sup-
ported along its edge. 
The inclined crack has propagated to the centerline of the slab carving 
out a cryptodomee The concrete above the inclined crack is separated from 
the rest of the structure and does not influence the stresses in the dome. 
The flexural cracking consists of radial cracks which are deep at the 
centerline and become shallower as they approach the edge of the slab. The 
inclined crack isolates most of the area in which radial cracks have developed. 
Only shallow radial cracks below the anchorage plate of the longitudinal rein-
forcement occur within the cryptodome. In the initial analysis the radial 
cracks. are disregarded. 
The location of part of the inclined crack and the failure surface of 
vessel PVl6 could be measured after the test (Fig. 2.8). The initial slope 
of the inclined crack was about 45 degrees to the vertical, as also observed 
in the other test vessels in which inclined cracks were detected. The 
observed failure plane was lo'cated about 4-1/2 in. from the centerline and 
had a depth of approximately 1-1/2 in. 
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For the initial analysis, the assumed shape of the cryptodome (Fig. 6.2) 
differed from the one that was observed. The initial slope of the assumed 
inclined crack is 45 degrees which agrees well wi th the observed slope. The 
depth of the cryptodome at the centerline was made slightly larger than that 
implied by the observed depth of the failure surface. 
6.3 Stresses in the Assumed Cryptodome for Linear Response of Concrete 
Figure 6.3 shows the calculated stresses along the inside face of the 
slab. The maximum compressive stress is 26,000 psi which corresponds to a 
6 
strain of 0.0054 for E = 4.0xlO psi and v = 0.15. The high stresses indicate 
that inelastic deformations occur but in this section of the chapter elastic 
properties are assumed. It should also be noted that the calculated radial 
stress is compressive from the center to the reentrant corner. The calculated 
radial strain is compressive inside a radius of 11 in. This does not completely 
agree with the values recorded by the strain gages as the ones at a radius of 
9-3/8 in. showed small tensile strains (Fig. 3.6) at the failure pressure. 
The observed failure occurred in the radial-vertical plane, the only plane 
in which shear stresses act if the test vessel can be considered to be axisym-
metric. To be compatible with the failure criterion, this condition would 
require the tangential s tress to be the intermediate principal stress. . The 
following discussion shows that the average calculated stresses at vertical 
sections in the vicinity of the failure plane satisfied this condition, even 
though it was violated at the inside face of the slab. 
The principal stresses plotted in Fig. 6.4 have been calculated from the 
average radial, tangential, vertical, and shear stresses on sections of the 
cryptodome. The tangential stress is the intermediate principal stress at all 
sections where failure of the cryptodome is likely. 
In the following evaluations of stress conditions leading to failure 
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using the failure criterion, the tangential stress has been ignored. 
The stress circles at a radius of 2 in. and at different distances from 
the inside face of the slab are shawn in Fig. 6.5. The magnitude of the 
stresses is highest close to the inside of the slab. However, a comparison 
with the failure envelope (Eq. 5.20) shows that the concrete at all nodes is 
very close to failure. 
At a radius of 5 in. the thrust surface is not close to the inside face 
of the slab and the stresses are distributed differently. At the inside face, 
the two principal stresses are of about the same magnitude. The stress 
circle is small and considerably below the failure envelope (Fig. 6.6). The 
concrete close to the upper surface has a stress combination that leads to 
failure according to the failure criterion. 
The likelihood of material failure at a point is indicated by the relative 
position of the stress circle to the failure envelope. Ideally, failure occurs 
if the failure envelope is tangent to or crosses the stress circle. This con= 
dition can be evaluated by a single 'numerical factor a defined as 
a = (6.1) 
The factor a is a failure index in that it indicates whether the assumed 
failure criterion has been violated at a point. Stress circles for the 
maximum values of a at different vertical sections of the cryptodome are 
plotted in Fig. 6.7. The corresponding values of a are plotted in Fig. 6.8. 
In plotting these figures the stress conditions at nodes along the upper and 
lower surfaces have been ignored because they do not satisfy the boundary 
conditions completely. Plots of the failure index are preferable to the 
stress circles because more exact comparisons can be made and more stress 
combinations can be included in one figure. 
57 
The values of C/, close to the center of the slab are irreg:ular because of a 
decrease in the vertical stress along the inside face of the slab. There is no 
reason to expect this decrease, because the vertical stress should be equal to 
the internal pressure. It is probably caused by the mathematical model that is 
used, and the value of a close to the centerline is ignored in subsequent fig-
ures a There are values of a larger than 1.0 from the center to a radius of 
8 inc and the failure could conceivably have occurred in any section within this 
radius. The maximum value of Ci. was 1.23 and was calculated at a radius of 4 in. 
If the failure index, Ci., exceeds 1.0' at a node~ collapse of the cryptodome 
may occur. However, if the stresses at one node reach a failure condition 
comparatively large deformations would occur and part of the stresses may be 
redis tributed to other nodes along the. same section enab ling the cryp todome 
to resist further load. At a radius of 2 in., all the nodes have stresses 
close to the failure condition (Fig. 6.5)0 If one node reaches a failure con-
dition the other nodes have small capacity to relieve it and collapse of the 
cryptodome follows. In the section 5 in. from the centerline (Fig. 6.6), 
the nodes close to the inclined crack have severe stress combinations but the 
other nodes have considerable reserve capacity. To calculate the redistribution 
of stresses to the other nodes requires knowledge of the force-deformation 
characteristics of the concrete. Information on the force-deformation response 
of concrete subjected to triaxial stresses of different magnitudes is nonexis-
tent. However, the reserve capacity can be estimated by calculating the average 
stresses at each vertical section and the corresponding failure ~ndex, Ci.. 
The values of Ct ~ based on average stres.ses, decrease wi th the dis tance 
from the center (Fig. 6.9). If the·magnitude of Ct, based on average stresses, 
was accepted as the only criterion for failure, failure of this particular 
cryptodome would have been predicted to occur at the center of the dome and at 
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an internal pressure of about 3200 psi. 
Instead of calculating the average stresses, the stresses at mid-height 
of the cryptodome can be used, which gives approximately the same value for a 
at most of the sections (Fig. 6.9). 
In evaluating the possibility of failure, the different methods of 
calculating the index a can be used to provide upper and lower bounds. If 
a does not exceed unity at any single node, then failure is unlikely for the 
cryptodome assumed. If a based on average stresses exceeds unity, failure 
is quite likelYe 
6.4' The Shape of the .Cryptodome 
In the previous section the stress conditions in a cryptodome of a 
certain preselected shape were discussed. In this section the variations 
of the stresses with the shape of the cryptodome are treated. For this purpose 
the stress conditions of two additional cryptodomes with different shapes have 
been analyzed, one with a thick dome (Fig. 6.10) and one with a thin dome 
(Figo 6011), as compared with the dome previously analyzed (Fig. 6.2)0 These 
domes provide no limits for the shape the cryptodome of vessel PV16 may actually 
have had. 
The radial stresses along the inside faces of the slabs of the thr.ee 
cryptodomes are 'shownin "Fig. 6.12. The more slender the dome is, the higher 
is the stress gradient along the inside face and the higher is the compressive 
stress at the center. This relationship is true at any level inside the domes. 
The bending moment and the thrust cause higher stresses in a thin dome than in 
a thick one. 
The value of the,failure index, a, for the worst stress combination at each 
section varies considerably among the three domes (Fig. 6.13). For the thick 
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dome the value is not larger than 0.95 at any section indicating collapse to 
be unlikely. For the thin dome a maximum value of 1.45 at a radius of 3 in. 
is calculated. 
The failure index~ a, calculated from the average stresses at each section 
varies less for the three domes (Fig. 6.14). The thinner the dome is, the 
higher is the failure index. At a radius of more than 7 in. the thicknesses 
of the three domes are identical and the failure indices are also the same. 
The values of a at mid-height of each section varied more than for a 
based on average stresses (Fig. 6.15)0 These values of a are sensitive to 
the location of the thrust surface, which explains the peak at a radius of 
3 in. for the thin dome. 
It is apparent that the stress conditions in the dome are sensitive to 
the shape of the cryptodome. 
605 Nonlinear Response of Concrete and its Effects 
the calculated radial stresses along the inside face of the slab for 
different shapes of the cryptodome with elastic material properties are shown 
in Fig. 6.120 The compres~ive stress at the center of th~ thickest dome is 
about 20,000 psi. Because the confining vertical pressure is only 3200 psi, 
the concrete in this area is about to fail according to the failure criterion. 
The assumption of elastic -behavior of concrete is then doubtful and it becomes 
necessary to investigate the effect of inelasticity. The force-deformation 
relationship of concrete subjected to multi-axial compression is not known. 
On the basis of limited available data, a force-deformation relationship is 
assumed for concrete, which makes it possible to recognize the effect of 
inelasticity even if the magnitude of the calculated stresses is inaccurate. 
The strain gage readings from the test specimens do not confirm that the 
concrete deformed inelasticly. The calculated stress combination mentioned 
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in the previous paragraph corresponds to a ,radial strain of 0.0042. This is 
considerably larger than was recorded by any strain gage located on the inside 
face of the slab. Inelastic conditions would lead to still higher calculated 
strains. However, it has been shawn that the strain gages on the inside face 
did not reco'rd the strains correctly at 1m·, internal pressures (Appendix C) 
so it is possible that the recorded strains at the failure load are not 
correct. 
Another source of inelasticity in the overall response of the cryptodome 
is intr6duced by radial cracks near the anchorage plate of the longitudinal 
rods providing the vertical reaction to the cryptodome. 
(a) Fo~ce-Deformation Relationship of Concrete 
The stress-strain relationship of concrete subjected to uniaxial compres-
sion is readily determined. The relationship can be assumed to be parabolic up 
to the maximum stress (Hognestad, 1951) 
(J = 
'2 
f [E <£E:) 2] CUE -
o 0 
(6.2) 
In using this equation either the modulus 'of elasticity at very low stresses, 
E, or the strain at the maximum stress, £ " can be selected. 'They cannot be 
. 0 
varied independently because Eq. 6.2 defines the following relationship between 
them 
2f 
E-~ 
£ 
o 
(6.3) 
This is not a serious drawback because the properties of concrete are satis-
i 
fied approximately by Eq •. 6.3. The stress-strain curve of the concrete used 
in PV16 has been compared with Eq. 6.2 (Fig. 6016). 
A less accurate but more versatile method of representing the stress-
strain curve is to use two straight lines. The first line represents the 
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modulus of elasticity at low stresses, E, and is valid up to a stress of 
75 percent of the failure stress .. The second line intersects the first line 
at a stress of 0.75 f and goes through the point f IE (Fig. 6.l6)~ This 
cu ell 0 
does not give as good an approximation of the actual stress-strain curve as 
the parabolic representation. However, it makes it possible to select values 
E and E that are independent of each other. The two straight lines are 
o 
represented by 
E = 
(~-E = E 
0 fcu 
.5l. 
E 
3 
3) + K(f - 0) cu 
° < 0 e 75 f ell 
0> 0.75 f 
cu 
(6.4) 
(6.5) 
At each point along the assumed stress-strain curve a secant modulus of 
elasticity E is defined 
a 
If the parabolic stress-strain curve is used, the value of E is equal to 
a 
(6.6) 
E at low stresses and decreases continuously to E/2. If two straight lines 
are used to represent the stress-strain curve the value of E is equal to 
a 
E initially (Eq. 6.4). The value of E at the maximum stress is dependent 
a 
on the selection of the value of E • 
o 
There are no data on the force-deformation relationship of concrete sub-
jeeted to compressive stresses of different magnitude in· the three principal 
directions. However, for the simplified loading case of 01 > °2 = 03 some 
stress-strain relationships in the 01 direction have been reported (Richart, 
Brandtzaeg and Brown, 1928; Balmer,. 1949). The observed results have 
not been synthesized, but two trends can be seen. First, the higher the 
confining pressure (02 = (3) ,is, the higher is the stress in the 0I-direction 
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at which the value of E starts to deviate considerably from E. Second, the 
a 
higher the confining pressure is, the lower is the value of Ea' at the maximum 
stress in the aI-direction. 
Using these observations the stress-strain relationship in the aI-direction 
for the loading condition 0 1 > O2 = 03 can. be estimated, but not determined 
accurately. A parabolic curve cannot be used because the value of E at the 
a 
maximum stress would then be independent of the confining pressure. The rep= 
resentation by two straight lines has to be used. 
up to a stress of 
0.75f + 20 
cu 3 
It is assumed that E :: E 
a 
(6.7) 
From the point 0EI EE a line is drawn to the point 0:t-/ EN. 0
11 
and EH represent 
the maximum stress and the corresponding strain. The value of ON is obtained 
using the failure criterion 
The value of E is set to 
1-1 
a 
11 
f + 40 
cu 3 
°H °3 
EH :: E (2 + 4000)' ° 3 < 4000 ! 
Equation 6.9 implies that the value of E 
a 
at the maximwli stress is set 
(6.8) 
(6.9) 
to be 
0.5E for the unconfined loading case and linearly decreases to 0.25E for a 
confining pressure of 4000 psi. The calculated confining pressure did not 
exceed the internal gas pressure ,(3200 psi) at any point in the dome. Sample 
stress-strain curves have been calculated for concrete with f = 7450 psi and 
cu 
., 6 E :: 4.0xl.O psi and are shown in Fig. 6 .. 17. 
To account for the ~racking under the anchorage plate, a radial crack is 
introduced if ·the tangential s tress in an element exceeds a tension of 4/r-. 
cu 
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In the finite-element analysis an iterative method has been used to 
recognize the effects of inelasticity in the concrete. First a solution of 
the stress condition is obtained assuming that the force-deformation relationship 
is linear. Thereafter the stresses in each single element are compared and the 
value of the force-deformation relationship changed whenever required. A new 
solution is then obtained and the stresses are compared again. The number of 
steps is determined by the degree of convergence that is sought. 
The force-deformation relationship is determined by the stress combination 
in each element. Hmvever, this relationship has been discussed only for the 
case of the DvO smallest stresses being equal. Furthermore, Eq. 6.7-6.9 are 
only estimates of the real relationship. Therefore, the following simplified 
method is used to determine the value of E • 
a 
The three principal stresses are. calculated and the confining pressure, 
a , is defined.by the smallest principal stress. If it is tensile the con-
3 
fining pressure is set to zero. The confining pressure determines Eq. 6.7 to 
6.9 uniquely and a stress-strain curve is obtained. 
The tangential stress, at' which is a principal stress, and the stress-
strain curve give the tangential strain E. By using Eq. 6.6 a value of E 
t a 
for the tangential direction is obtained. 
Ideally two different values of E should be obtained for the radial-
.. a 
vertical plane because it contains two principal stresseso This would lead 
to practical difficulties in the analysis and in view of the approximations 
already involved it is considered sufficient to use one value of E which is 
a 
calculated as described in the previous paragraph with the difference that a 
t 
is substituted by either a or a ; whichever is the higher compressive stress. 
r z 
The value of Poisson's ratio, v, is not varied. 
To determine if inelasticity of concrete in the cryptodome has to be 
considered in evaluating the stress condition, a comparison is made in the 
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last part of this section between a solution assuming elastic properties and a 
solution assuming inelastic properties. 
(b) The Effect of Inelasticity 
The assumption of a nonlinear force-deformation relationship for the 
concrete changes the calculated stresses in the.cryptodomeo To evaluate 
the relative effects of inelasticity, the dome configuration in Fig. 6.2 is 
analyzed for assumed elastic and inelastic material properties. 
The radial stresses along the inside face of the slab (Fig. 6.18) deviate 
in two major respects if inelas·tic instead of elastic material properties are 
assumed. First, the stresses at a radius of less than 9 in. are reduced con-
siderably. Second, at a radius of about 6 in. the radial stress is tensile. 
This is compatible with the lower secant moduli of elasticity in the areas of 
high compressive stresses, leading to increased deflection at the center of 
the dome (Fig. 6.19). The load at the center of the dome cannot be resisted 
by dome action then, but has to be carried by bending. This causes large 
bending stresses in the area where the slope of the inclined crack changes 
and tensile stresses occur on the inside face of the slab. The appearance of 
tensile stresses can be counteracted in the analytical model by increasing the 
thickness of the dome or by increasing the assumed slope of the force-deforma-
tion relationship of con~reteo Since the strain gages in this area did not 
record tensile stresses it has to be concluded that either the assumed shape 
of the dome or the force~deformation relationship is incorrect in this 
examplee However, the discrepan~y may be small and the example can still be 
used to illustrate the stress condition in the dome. 
TIle values of the failure index, a, for the worst stress condition at 
each secti9n and for assumed elastic and inelastic material properties are 
shown in Fig. 6.20. The maximum value of a is reduced very little but the 
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distribution is changed so that the peak value may occur at any radius smaller 
than 8 in. 
The values of the failure index, a, based on the average stresses at each 
section are shown in Fig. 6.21. The values of a close to the center of the 
dome, '\.;here the concrete is affected most by the decreased secant modulus of 
elasticity, drop substantially creating a peak at a radius of 3 ino, but 
remain almost unchanged at larger radii. The location of the peak of the 
curve can be changed by altering the force-deformation relationship of the 
material. 
The values of the failure index, a, for the stress combinations at mid-
height are sinular to the values of a based on average stresses (Fig. 6.22). 
The calculated radial stresses along the inside face of the slab for the 
three different domes with inelastic material properties are shown in Fig. 6.23. 
Tensile stresses are calculated at a radius of 6 in. for the two thinner domes. 
The amount of bending may be changed considerably by a small change of the 
shape of the assumed cryptodome and its effect is amplified by the inelastic 
material properties. 
6.6 Conclusions 
The primary objective of the studies described in this chapter was. to 
reconcile the observed strength of the end slab with the failure criterion 
developed in Chapter 5. This requires three critical steps: (1) the assump-
tion of a cryptodome shape, (2) the calculation of stresses in the cryptodome 
and (3) comparison of these stresses with the failure criterion (Fig. 6.24). 
It has not yet been possible to develop a method that accurately and simply 
defines the path of the particular crack which establishes the boundary of 
the cryptodome. vlithin the realm of available methods of analysis, the choice 
of the cryptodome will depend on judgment and require a trial-and-error 
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solution. To execute step (2) the force·-deformation relationship of concrete 
subjected to multiaxial stresses of different magnitudes has to be known. 
There are no data reported that would establish this relationship and it 
has not been within the scope of this investigation to study it experimentally. 
A force-deformation relationship was developed on the basis of limited data 
obtained under a particular stress combination of ° > ° = °3 " Compared with 1 2 
the first two steps the failure criterion adopted for concrete can be con= 
sidered as relatively accurate, but it is difficult to apply because the 
failure occurs along a plane that has a very steep stress gradient. 
The assumptions mentioned above .are discussed separately in the following. 
(a) Shape of the Cryptodome 
The shape of the cryptodome could conceivably be obtained by employing 
an analytical model that traces the development of the crack which controls 
the shape of the cryptodome as the pressure is increased (Higashionna and 
Schnobrich, 1970). However, using this method only the initial slope of the 
inclined crack has been determined. It has not been possible to determine 
the shape of the crack close to the center of the slab, a parameter that is 
essential in calculating the stresses in the area in which failure occurred. 
In the case of the test vessels, the shape of the cryptodome could be 
obtained experimentally by studying the vessel after failure. This gives a 
general picture of the shape, but it may not be too reliable in the neighbor-
hood of the center or·at the failure plane because of the structural damage 
caused by the collapse. 
In this chapter three different domes have been analyzed with both 
elastic and inelastic material properties asstnned. The calculated stresses 
vary considerably with the shape of the dome, emphasizing the necessity of 
defining the correct shape of the dome. By studying the calculated stresses, 
67 
it is possible to determine the bounds within which the actual shape of the 
dome has to lie. 
The trajectory of the critical crack which defines the shape of the 
cryptodome can be estimated by considering it in two parts: the section 
between the mid-height and the outside face of the slab, and the section 
between the mid-height and the inside face of the slab. 
fu"lalyses of the end slab (Higashionna and Schnobrich, 1970) have shmvn 
that initially there is a tendency to develop a multitude of individual 
cracks, each at approximately 45 degrees, in the vicinity of and at the mid-
height of the slab. On the basis of this information, it is plausible to 
put the critical crack at an angle of 45 degrees and to assume that it extends 
from the edge of the anchorage plate to the mid-height of the vessel. Parallel 
cracks at locations closer to the center of the slab would result in stronger 
cryptodomes. 
After the portion of the crack described above is formed, the load cannot 
be carried by bending alone. Instead the internal pressure is resisted primarily 
by dome action. The direction of the maximum. compressive stress in the dome 
is defined by the thrust surface. Normal to the thrust surface tensile 
strains develop. The propagation of the inclined crack towards the center is 
defined by the direction of the tensile strains. Thus the crack is parallel 
to the thrust surface and has the shape of a dome. It can then be expected 
that a minimum of bending occurs and that the internal pressure is resisted 
primarily by the thrust in the dome. 
Figure 6.25 shows the calculated radial strains along the inside face 
of the slab for three different domes and inelastic material properties. 
For two of the domes tensile strains are calculated at a radius of about 5 
in., indicating considerable bending to occur in the dome. According to the 
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discussion above this is unlikely to occur in the actual slab and these two 
shapes of the cryptodome are not realistic. If the assumed material properties 
are correct, only the thickest of the domes has a realistic shape. These 
assumptions are supported by the test results as the strain gages at a 
radius of 6~1/4 in. show compression at the failure pressure (Fig. 6026)0 
A reasonable upper bound of the shape of the cryptodome can also be 
determined by studying the calculated strains in the different domes. The 
critical inclined crack is assumed to propagate through the points with the 
largest tensile strains and parallel to the thrust surface. The calculated 
maximum principal strains (elastic) at three different radii for the dome 
shown in Fig. 6.2 are plotted in Fig. 6.27. The strains increase with the 
depth and have their maximum values at the boundary shaped by the inclined 
crack. This indicates that the assumed shape of the inclined crack is in or 
below the area of maximum principal strains. As a comparison the maximum 
principal strains in a very thick dome (Fig. 6.28) have been calculated (Figo 
6.29). The strains have their highest value below the inclined crack indicating 
that the assumed shape of the dome is too thick. 
Thus the bounds of the shape of the cryptodome can be found if correct 
material properties are assumed. 
(b) Force-Deformation Relationship of Concrete 
In the preceding sections two different force-deformation relationships 
of concrete, one linear and one nonlinear, were used. The nonlinear relation-
ship was defined by Eqo 6.7 through 6.90 There are no experimental data to 
check the accuracy of the assumed relationship_ 
The comparison of the calculated stresses based on elastic and inelastic 
material properties shows that the failure index, a, is not affected critically. 
The largest effect occurs at points close to the center where the high compressive 
\ 
\ 
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stresses are reduced if inelasticity of concrete is assumed. 
The radial stresses along the. inside face of the slab are influenced by 
tbe force-deformation relationship. Since these stresses can be used in 
appraising the bounds of the actual shape of the dome, the assumption of a 
force-deformation relationship may influence the final results. 
(c) Application of the Failure Index 
To facilitate the comparisons of the stress combination at each node 
with the failure criterion for concrete, a special failure index was defined 
(Eq. 6.1). This avoids the cumbersome method of drawing stress circles and 
comparing them with the failure envelope. 
If the shape of the dome and a perfect force-deformation relationship for 
the concrete were given, the calculation of the maximum internal pressure and 
of the pressure corresponding to collapse would be straightforward. Not having 
a confirmed force-deformation relationship, it becomes necessary to use judg-
ment in interpreting the results of the stresses calculated in relation to 
the failure criterion. The failure index, a, makes it possible to survey the 
likelihood of failure at several nodes in a concise manner. It has been based 
on three different definitions of critical stress: 
(1) By stating that the failure index has to be less than unity at each 
single node a lower bound of the strength of the dome is obtained. Collapse 
cannot occur if the concrete in the dome is not subjected to a stress combi-
nation that exceeds the failure condition at at least one nodeo 
(2) If a failure condition is reached at a node, the large deformations 
\oJ'ill cause redis tribution of the stresses and failure will probably not occur. 
To estimate the possibility of redistribution of stresses the average stresses 
were calculated at each vertical section. The failure indices were then based 
on the average stresses. If the index as calculated exceeds unity at any 
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section, there is no capacity left for redistribution of stresses and failure 
will occuro Thus an upper bound of the strength of the dome is obtained. 
(3) The failure index can be based on the stress at mid-height of the 
dome 0 This gives results that are about the same as if the average stresses 
were used. 
The stresses in the slabs with penetrations have to be analyzed before 
it is possible to evaluate more closely the different methods of calculating 
the failure index. 
\ -
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70 ANALYSIS OF THE STRESS CONDITIONS AT FAILURE 
IN AN END SLAB WITH PENETRATIONS 
7eI Introduction 
In this chapter a method is presented to calculate the stresses in a 
cryptodome forming in an end slab with penetrations in order to determine 
the extent to which penetrations affect the shear strength of the end slab 0 
Vessel PV16 which had a solid end slab is used as a yardstick for comparison 
of stresses and the strength. 
In section 762 it is shown that for the purpose of calculating the 
critical stresses and the failure pressure, the slabs with penetrations can 
be represented by an axisymmetric model. This model is used in section 7.3 
to calculate the stresses in the vessels with penetrationse The obtained 
results are discussed and general observations regarding the location of 
penetrations are presented in the last section. 
7.2 Analytical Model 
Vessel PV18 had 6 penetrations in the end slab, each with a diameter of 
4 in. The penetrations removed 50 percent of the perimeter along a circle 
with a radius of 8 in~ and 15s3 percent of the inside area of the end slab 
(Table 2el). Compared with the other vessels, the effect of penetrations 
can be expected to be large"st in PV18 so the dome of this vessel was chosen 
for the comparison of the three-dimensional finite-element model to the 
axisymmetric one. The shape of the dome is the same as the one shawn in 
Fig e 6.2 e 
(a) Three-Dimensional Finite-Element Model 
The three-dimensional finite-element program uses an isoparametric finite 
element, which can accommodate a varying number of nodes. The minimum number 
of nodes connected to an element is eight, one in each corner, but up to 
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twenty-four nodes can be used by defining additional ones along the edges of 
the elements 0 * 
Using the three-dimensional element, the stresses can be calculated 
with approximately the same accuracy as with the axisymmetric element. In 
the three-dimensional program relatively few elements can be used because of 
the large number of unknown displacements that are generated. This is 
counteracted by the high accuracy of the three-dimensional elements. The 
axisymmetric element is derived assuming .constant strains while the three-
dimensional element has linearly varying strains or strains of still higher 
order depending on the number of nodes it is connected to. In the three-
dimensional program a very fine grid was used in the vicinity of the pene-
tration which made it necessary to use a coarse grid in the remaining parts 
of the dome (Fig. 7.1). Three rows of finite-elements are defined by dividing 
the depth of the dome into three equal distances (Fig. 7.2). 
The three-dimensional program assumes the material to have a linear force-
deformation relationship so elastic material properties have to be used in 
both models to make the comparison relevant. 
(b) The.Axisymmetric Finite-Element'Model 
A method to modify the axisymmetric finite-element program so that it 
can be used for vessels with penetrations was described in Chapter 40 A 
similar method is used here. The modulus of elasticity for the concrete in 
each torus is reduced in proportion to the amount of material that is 
removed by penetrations G Contrary. to the method described in Chapter 4, 
radial cracks were not introduced in the tori that were cut by the penetra-
tions. It was found that the tangential stresses between the penetrations 
*This program was developed by A. KG Gupta and will be described in his 
doctoral dissertation to be submitted to the Graduate College of the 
University of Illinois, Urbana, in 1971. 
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were reduced very little by the penetrations and that the reduction was 
sufficiently accounted for by the reduced modulus of elasticitYe However, 
the introduction of radial cracks affects the calculated stresses little, 
and either assumption can be used. 
(c) Comparison of the Two Finite-Element Programs 
The stresses and displacements that were calculated using the three-
dimensional finite-element model are plotted in Fig. 7.3-7.10 as functions 
of the radius. The stresses and displacements also varj with the tangential 
location. Consequently, the stresses and displacements are identified in 
three groups according to the locations of the nodes as shown in Fig. 7.1 and 
described below: 
(A) Nodes along the uninterrupted radius that is located symmetrically 
between the penetrations (8 = 30° in Fig. 7.1). 
(B) Nodes along the radius that passes through the center of a 
penetration (8 = 0°) and including the nodes along the periphery 
of the penetration. 
(C) Nodes located between the penetration and the uninterrupted 
radius. 
In the three-dimensional model, it was not feasible to simulate the 
stiffnesses of the circL~ferential prestressing wire or the longitudinal 
rods. Only forces could be specified along the boundary. To account for 
the stiffness of the reinforcement, the prestressing forces had to be chosen 
so that they represented the values at the failure pressure. This was 
achieved by comparing the calculated stresses, along the boundaries of the 
slab at which the prestressing forces were applied, for the axisymmetric 
solution and the three-dimensional solution. The increase in boundary forces 
was less than 15 percent of the initial force. 
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The calculated vertical deflections along the inside face of the slab for 
the two different finite-element solutions are shown in Fig. 7.3. 
The calculated radial stresses along the inside face of the slab are 
plotted in Figo 7.4. The stresses calculated using the axisymmetric model 
represent the 'stresses calculated by the three-dimensional model reasonably. 
The depth of the cryptodome was represented by three isoparametric 
elements in the analysis of the end slab with penetrations. The stresses 
calculated at the intersection of two of these element layers at one third 
of the depth from the critical inclined crack (Fig. 7.2) are plotted in 
Fig. 705 -7 ., 8 • 
Figure 7.5 compares the radial stresses. The radial stresses at the 
same radius but at different tangential locations varied widely but based 
on the axisymmetric solution stresses at all radii were between the extreme 
values. 
The vertical stresses varied less with the tangential location than the 
radial stresses. The axisymmetric solution predicted stresses that agreed 
well with the three-dimensional solution (Fig. 7.6). Also in predicting the 
shear stresses, the axisymmetric solution proved to be reliable (Fig. 7.7). 
The tangential stresses calculated by the axisynnnetric program were 
smaller than the ones calc~ated by the three-dimensional program (Fig. 708). 
The difference is probably caus~d by the boundary condition and the size of 
the elements and may be -eliminated by changing these. The difference is of 
minor importance since thetangenti~l stress is assumed to be the intermediate 
principal stress and does not affect the predicted sirength of the dome. 
It appears that the stresses obtained using the modified axisymmetric 
model were representative for the stresses predicted using the three-dimensional 
model, and that each stress obtained from the axisymmetric model can be 
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considered to be an average stress for the particular radial and vertical 
location at which it is defined. Considering that the failure plane is 
axisymmetric, the "average" stresses calculated by the axisynrrnetric model 
may be as accurate to use in predicting the failure pressure, as the stresses 
that are calculated using the three-dimensional modele In using the three-
dimensional model, very high stresses are calculated at a few nodes. It can 
be assumed that as the failure pressure is approached and large deformations 
occur, some redistribution of stresses will occur from the nodes with very 
high stresses to nodes with smaller stresses. By using the axisymmetric 
model a portion of the redistribution is incorporated in the analysis. The 
redistribution of stresses that is assumed in using the axisymmetric model 
is smaller than the actual redistribution that occurs and the assumption 
is conservative. 
By calculating the failure indices, at a distance of 1/3 of the depth 
of the dome below the inclined crack using the two finite-~lement models, 
the amount of redistribution of stresses that is predicted as the failure 
pressure is approached can be illustrated (Fig. 7.9). The failure indices 
based on the calculated stresses using the three-dimensional model, are 
widely scattered for nodes at approximately the same radii. The maximum 
value of a is 2.10 and occurs at a radius of 8 in. and at the periphery 
of the penetration. If the axisymmetric solution is used, the maximum value 
of a is reduced to 1037. Both these values would be higher if there were 
nodes located closer to the inclined crack for which a could be calculated. 
In the following sections it is shown that even the stresses calculated 
using the modified axisymmetric model have to be redistributed considerably 
to be compatible with the real strength of the slabs with penetrations. 
Consequently, the redistribution of stresses that is implicitly assumed 
76 
in using the axisymmetric model is conservative, because it underestimates the 
stress redistribution that occurs in the actual slab. 
7.3 Comparison of the Calculated Stress Conditions in the Cryptodomes of the 
Different Vessels 
The influence of penetrations on the stress conditions in the cryptodome 
is described in this section. The modified axisymmetric model is used to 
obtain the stresses in the cryptodomes formed in the different vessels. The 
prestressing forces, the concrete properties and the maximum internal pressure 
were specified to be the same for all vessels so that the location, size, and 
number of penetrations were the only variables. The variations between the 
properties of the different test vessels were insignificant and the calculated 
stresses can be compared directly with the experimental results. 
In the previous chapter it was shown that the calculated stresses in a 
cryptodome without penetrations were insensitive to the force-deformation 
relati'onship of concrete. The effect of inelasticity in a cryptodome with 
penetrations is more important because of the high stresses in the concrete 
between the penetrations. However, considering the uncertainty in the 
accuracy of the assumed nonlinear force-deformation relationship, it is 
relevant to compare the stresses in the domes of the different vessels 
assuming a linear relationship. 
The propagation of the inclined crack and thus the shape of the dome is 
determined by the thrust surface. Because the stresses' in the slab are 
influenced by the penetrations, differently shaped domes were formed in the 
different vessels. In the previous chapter the calculated rad~al strains 
along the inside face of the slab were used in determining one of the limits 
of the shape of the dome. The calculated radial strains along the inside 
faces of vessels PVI6, PV18 and PV20 for identically shaped cryptodomes are 
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shown in Fig. 7.10. The strains are nearly the same for all vessels, the main 
difference occurring at a distance of 6 to 8 in. from the center of the slab 
where the penetrations are located. This suggests that the domes in the 
different slabs were of similar shapes and in the following comparison identical 
domes as defined by Fig. 6.2 are used. 
(a) Vessels with Penetrations 8 in. from the Center of the Slab 
Four of the vessels (PV17, PV18, PV20 and PV2l) had penetrations at a 
distance of 8 in. from the centerline (Table 2.1). In the following the 
calculated stresses in the domes of these vessels and of vessel PV16 are 
compared .. 
In the three vessels PV16, PV17 and PV18, penetrations removed 0, 25 
and 50 percent, respectively, of the slab section along a circle of 8 in. 
radius. 
Vessel PV20 had 50 percent of the slab section along a circle of 8 in. 
radius removed by penetrations but it was obtained by using twice as many 
penetrations of half the diameter as compared to vessel PV18. This means 
that the penetrations in PV20 removed less of the concrete volume in the 
slab than the penetrations in PV18. 
To make the figures easy to read the stresses calculated for PV2l are 
not included. These stresses are easy to estimate because PV21 relates to 
PV20 as PV17 relates to PV18. 
The stress conditions in the domes of the different vessels can be 
compared by plotting the radial, vertical and shear stresses at mid-height 
of the domes (Fig. 7011 to 7e13)e The penetrati,ons have a similar influence 
on the stresses at other levels of the domes. The following conclusions 
about the effect of the penetrations can be drawn from the comparison: 
(1) The stresses in the sections without penetrations are affected 
very little" 
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(2) The stresses are increased in the section in which the penetrations 
are located. If S is defined as the solid perimeter at any radius divided by 
the total perimeter at the same radius, then the stress is approximately 
inversely proportional to S. 
(3) The ,vertical stress at mid-height of the dome of vessel PV16 has 
its maximum value at a radius of 6-1/2 in. This radius is within the section 
where the penetrations are located in the other slabs. Therefore, the maximum 
value of the vertical stress is increased. considerably by the presence of 
penetrations. The radial and shear stresses· at mid-height of the dome of 
vessel PV16 have their maxima nearer the center of the slab. 
The calculated radial, vertical, and shear stresses increased approxi-
mately at the same rate in the section where the penetrations are located. 
This caused a proportional increase in the principal stresses leading to a 
larger value of the f~ilure index (Fig. 7.14)~ The increase in the value 
of the failure index is larger if the smallest principal stress has a low 
value .. 
The failure indices, based on the stresses at mid-height of the domes 
of the different vessels are shown in Fig. 7.15. The penetrations cause 
an increase in the failure indices in the section where they are located 
that is approximately inversely proportional to So The failure indices 
calculated for vessel PV16 are small in the section between radii 6 in. and 
10 in. compared to the values close to the center. The penetrations cause a 
substantial increase in the failure indices, but they still do not exceed 
appreciably the values calculated close to the center of the dome of vessel 
PV16. 
The ·failure indices based on average stresses at each section (Fig. 
7.16) were approximately the same as the failure indices based on stresses 
at mid-height of the dome. 
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The failure indices based on the worst stress condition at each section 
are shown in Fig. 7.17. The failure index of the dome of vessel PV16 has its 
maximum value, 1.23, at a radius of 4 in. and decreases gradually with in-
creasing radius. At a radius of 8 in. the value of a is still 1.00. The 
penetrations in the vessels cause an increase in the failure index that .is 
approximately inversely proportional to S,.which generates values ?f a 
considerably higher than was calculated for PVI6. Even PV17, with only 25 
percent of the concrete along the perimeter at a radius of 8 in. removed by 
penetrations, had a maximum value of the failure index of 1.33 as compared 
with 1023 for PV16Q 
(b) Vessel with Penetrations 4 in. from the Center of the Slab 
Vessel PV19 had 6 penetrations, each with a diameter of 2 in., located 
4 in. from the center of the slab. The penetrations removed 50 percent of the 
concrete along a perimeter with a radius of 4 in. 
The calculated radial, vertical and shear stresses at mid-height of the 
domes of vessels PV16 and PV19 are shown in Fig. 7.18 to 7.20. The radial and 
shear stresses in the dome of PV16 are higher at a radius of 4 in. than at 
8 in. The penetrations in PV19 caused higher stresses than were calculated 
for any other vessel. The failure index based on the stresses at mid-height 
of the dome reflects the high stresses (Fig. 7.21). The penetrations in PV19 
cause an increase in the ~ailure index that is compatible with the increase 
caused by penetrations in the other vessels. However, the increase occurs 
at a radius where the failure index for a solid dome is high and the failure 
index for PV19 reaches a peak that substantially surpasses the maximum values 
that were calculated for the other vessels. The maximum values of the failure 
index based on the average stresses at each section (Fig. 7.22) and on the 
worst stress condition (Fig. 7.23) are also extremely high because of the 
location of the penetrations. 
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The penetrations in all vessels were sealed by steel plates. The steel 
plates in the vessels with penetrations 8 in. from the center of the slab 
were located in an area of very low radial strains and their influence on 
the ultimate strength of the vessels were negligible. The steel plates used 
in PVl9 were located 4 in. from the center of the slab in an area of very 
high radial compression. It is likely that these plates had a reinforcing 
effect on the dome so that the stresses that have been calculated did not 
occur in the concrete in the actual vessel. It is therefore not possible 
to draw strong conclusions from the test of ,this vessel (Chapter 2) e 
7.4 Conclusions 
(a) Failure Index 
Three different sets of failure indices have been calculated by basing 
them on different stresses. Two of these sets, the ones based on average 
stresses at each section and on stresses at mid-height of the domes, yield 
similar results indicating that either can be used. 
The failure index relates directly to the strength of concrete and should 
explain both the ultimate capacity of a dome and the location of the failure 
plan~. None of the failure indices that have been used fulfill~ both these 
requirements. However, it is possible to use a combination of the two failure 
indices each satisfying' one of the criteria. 
The failure index based on' average s tress at each section has for all 
vessels a maximum of about 1.0 at the center of the slab (Fig. 7.16)e It 
decreases as the radius is increase~o For the vessels with penetrations at 
a radius of 8 in., it increases considerably in the section where the pene-
trations are located but it does not exceed unity. Using the failure index 
based on the average stresses at each section and stating that failure occurs 
if it exceeds unity is compatible with the observed strength of the vessels. 
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This would also indicate that vessels PV18 and PV20 had the maximum number of 
penetrations that is possible without adversely affecting the strength of the 
slab e 
The failure index based on the worst stress condition at each section 
has for vessel PV16 a maximum value at a radius of 4 in. (Fig. 7.17), which 
is close to the location of the actual failure planew For vessels PV17, PV20 
and PV21 with penetrations 8 in. from the center of the slab the maximum 
values occur between 7 and 7-1/2 in. from the center of the slab which agrees 
with the observed locations of the failure planes (vessel PV18 did not fail 
structurally because of leakage). It is therefore concluded that the failure 
index based on the worst stress condition at each section indicates the loca-
tion of the failure plane. 
The results from the test of vessel PV19 are distorted because of the 
reinforcing effect of the sealing plates. The calculations indicate that 
if it had not been for the sealing plates this vessel would have failed at 
a lower internal pressure than any of the other vessels. 
(b) Influence of Penetrations 
In all the test vessels reported here, the observed failure sequence 
has been the formation of a cryptodome followed by a shear failure in the 
cryptodome. The analysis and the conclusions that are drawn are limited 
to this type of failure. 
The penetrations cause an increase in stresses in the radial-vertical 
plane and in the failure indices in the sections where the penetrations are 
located. A reasonable upper bound of the stresses and the failure indices 
is obtained if it is assumed that the increase, compared to a solid dome, is 
inversely proportional to S, which is the solid perimeter divided by the 
total perimeter at each section. 
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The influence of penetrations can be estimated by plotting the failure 
index based on the average stresses at each section as a function of the 
radius~ In a solid slab, this failure index has its maximum value near the 
center. The tests indicate that if the penetrations do not cause an increase 
in the maximum value of this failure index, they would not impair the strength 
of the slab. This implies that penetrations close to the edge of the slab 
where the failure index is low can be expected to have less influence on the 
strength of the cryptodome than penetrations nearer the center. 
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8. CALCULATION OF THE INTERNAL PRESSURE AT WHICH THE 
INCLINED CP~CK IS INITIATED 
The initiation of the inclined cracks in the test specimens as interpreted 
from the measurements was discussed in Chapters 3 and 40 In this chapter quan-
titative information is presented that can be used in calculating the cracking 
pressure in vessels with flat end slabs. 
The problem of determining the cracking pressure is twofold. First, a 
suitable cracking criterion for concrete subjected to multiaxial stresses has 
to be chosen. It has not been within the scope of this investigation to do 
any testing to evaluate possible cracking criteria for concrete but it is 
suggested that either a maximum stress or a maximum strain criterion will 
suffice. Second, the stresses have to be calculated in the area where the 
inclined crack is likely to occur. This problem is discussed in the following. 
Several inclined cracks are initiated near the mid-height of the slab 
and at a slope of about 45 degrees. Cracks that are close to the wall 
remain limited in length because they are bounded by areas of concrete that 
are in triaxial compression (Fig. 3.18) 0 The critical inclined crack is 
the one that propagates toward the edge of the anchorage plate of the 
longitudinal reinforcement. The idealized location at which this crack is 
initiated is at mid-height of the slab and at a distance of half the slab 
thickness from the edge of the anchorage plate. 
Flexural cracking and the conical crack at the reentrant corner are 
initiated at about the same internal pressure as the inclined crack and 
influence the stresses in the area where the inclined crack is located. 
To properly account for different types of cracking and to accurately determine 
the internal pressure at which the inclined crack is initiated, a lumped-
parameter or finite-element model with a cracking criterion included can be 
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used (Higashionna and Schnobrich, 1970). As an alternative to this approach, 
approximate equations of the governing stresses are presented in this chapter. 
If the initiation of the inclined crack occurs in an intact end slab, the 
internal pressure at which it occurs can be calculated using an axisymmetric 
finite-elemen~ model (Chapter 3) that assumes elastic behavior. If flexural 
cracking and the crack at the reentrant corner occur first, the stresses at 
mid-height of the slab are increased, and the initiation of the inclined 
crack is hastened. However, extensive cracking is necessary before the effect 
is conspicuous. In most vessels, especially the ones wi~ penetrations 
aggravating the conditions leading to the inclined crack, the effect of 
cracking in other areas 'can be neglected in determining the internal pressure 
at which the inclined crack is initiated. It is then possible to determine 
the cracking pressure from a finite-element model that assumes a linear 
force-deformation relationship. The following equations were found to provide 
a good approximation of the stresses calculated with the finite-element model 
at the point where the inclined crack is assumed to initiate 
t 
a = - [0 0 + (a - a ) - tan 20 C ]/S (8.1) r 0 g d 
IF-
'(8.2) a =-~a .~ 
z g S 
3 r 1 T m ----- a (8.3) 4 d g S 
a = a (804) t· r 
The slab is stiffer than the wall in the radial direction, and some of 
the prestress and internal pressure exerted on the wall flows into the slab 
(Fig. 8.1), which is represented by the second term in Eq. 8.1. 
The vertical stress (Eq. 8.2) is assumed to vary parabolically through 
the depth of the slab and to be 1/3 of the internal pressure at mid-height of 
the slab (Fig. 8.2). 
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The shear stress (Eq. 8.3) is obtained by assuming that the radial stress 
varies linearly through the depth of the slab. 
If a maximum stress criterion is used to determine the internal pressure 
at which the inclined crack is initiated, the tangential stress does not have 
to be known. If a maximum strain criterion is used, the tangential stress 
can be assumed to be equal to the radial stress. 
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9. CALCULATION OF THE INTERNAL PRESSURE AT FAILURE 
9.1 Introduction 
In the following sections, a procedure is presented for obtaining a 
conservative estimate of the internal pressure corresponding to the failure 
of the end slab in shear. The procedure comprises a sequence of calculations 
performed with the use of an axisymmetric finite-element model of the end slab 
based on linear response. The suggested calculations are performed for 
vessels PV16 to PV2l as well as for PV9, PVl3 and PV15. The properties of 
the latter three vessels were reported earlier (Paul et al., 1969) and are 
summarized in Table 9.1. 
9.2 Vess~l with a Solid End Slab 
The calculation of the strength of the end slab is divided into three 
parts to be performed consecutively: (a) the internal pressure at which the 
inclined crack is initiated, (b) the shape of the cryptodome and (c) the 
strength of the cryptodome. 
(a) The Initiation of the Inclined Crack 
The initiation of the inclined crack is the first significant event in 
the sequence leading to a shear failure. The internal pressure' and the loca-
tion at which it occurs can be determined using the method described in 
Chapter 8. 
(b) The Shape of the Cryptodome 
The inclined crack will propagate from point A (Fig. 8.1) where it 
initiated to the edge of the anchorage plate of the longitudinal reinforcement. 
This part of the inclined crack is not changed in the following calculations. 
The shape of the center part of the cryptodome can be determined by studying 
the calculated strains in the dome. In Chapter 6 it was shown that the strains 
at the failure pressure should satisfy two conditions: 
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(I) The calculated radial strains along the inside face of the slab should 
be compressive. If tensile strains are calculated it would indicate a high 
bending moment in the dome. This criterion has two drawbacks. First, it is 
necessary to estimate the force-deformation relationship for concrete accur-
ately. Second, depending on the internal pressure used in the calculatio~s, 
differently shaped domes would be deemed acceptable. 
(II) The maximum tensile strains at any vertical section of the dome 
should have their largest value at the inclined crack and decrease toward the 
inside face of the slab. If this condition is not satisfied for an assumed 
shape of the dome, a thinner dome should be tried. The value of this criterion 
is realized if the following three observations are considered: 
(1) If elastic material properties are assumed, the variation of the 
calculated maximum tensile strains through the depth of the dome will be 
insensitive to the internal pressure. This is exemplified by calculating the 
strains at internal pressures of 1900 psi and 3200 psi in the dome shown in 
Fig. gel. The maximum principal strains are of different magnitude but the 
variation with depth is similar at the two pressures (Fig. 9.2). 
(2) If inelastic material properties are assumed, the variation of the 
strains will change with the internal pressure (Fig. 9.2). However, inelasticity 
caused by high compressive stresses occurs only if the internal pressure is 
close to the failure pressure. The inclined crack, or at least the major 
part of the crack, develops at an internal pressure at which the effect of 
inelasticity is negligible. Therefore, in evaluating the strain condition in 
the dome for the purpose of determining the shape of the dome, inelasticity of 
the concrete does not have to be accounted for and the variation of the strains 
is virtually independent of the internal pressure. 
(3) If the shape of the dome is changed inside any radius r , 
o 
the strains 
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at radii greater than r will remain almost unchanged. The shape of the two 
o 
domes in Fig. 9.3 are identical outside a radius of 4 in. The strains are 
different at a radius of 2 in. but almost the same at radii greater than 4 in. 
(Fig. 9.4). If a shape of the dome is found that is satisfactory outside a 
certain radius, r o ' only the center part of the dome, inside the radius r o ' 
has to be varied in the further investigation. 
These observations justify the following method of determining the shape 
of the part of the dome that is inside point A: 
(1) Assume a shape of the inclined crack from r = 0 to r = rA (Fig. 9.5). 
The inclined crack has to be horizontal at the centerline. At r = r A the loca-
tion and the slope of the crack have to be continuous with the part that is 
located at radii greater than rAG The crack has to be concave upwards inside 
(2) Divide the dome with an arbitrary number of vertical lines, which do 
not have to be equidistant. Number them in sequence with the line going 
through point A called zero (Fig. 9.5). 
(3) Calculate the strains in the dome using the axisymmetric finite-
element model and assuming a linear force-deformation relationship for con-
crete, at the internal pressure corresponding to the initiation of the in-
clined crack. If the strains along the vertical line designated 1 satisfy 
condition II above, make the dome thicker. If they do not satisfy the con-
dition make the dome thinner. Recalculate the strains in the dome. Continue 
this process until the differences ~n the comparable stresses for two 
consecutive calculations become negligible. 
(4) The depth of the dome at vertical 1 is now fixed. Repeat the above 
calculations for the strains at vertical 2 without changing the depth of the 
dome at vertical 1. 
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(5) Continue until the entire shape of the dome is determined. 
In the slabs with a large span width-to-depth ratio (PV9 and PVlS) 
these calculations led to domes that were extremely thin at the center. At 
larger radii; in the "stock" of the dome where a shear failure would occur, 
the location of the crack was reasonable but the crack did not flatten out 
sufficiently near the center. There may be several reasons for this. First, 
the calculations are sensitive to the assumed value of Poisson's ratio. 
Second, if a slab is close to a flexural failure when the inclined crack 
is propagating, which was the case for these two vessels, the concrete may 
deform inelastically. This cannot be taken into account without a better 
knowledge than is currently available of the force-deformation characteristics 
of concrete. The effect of inelasticity would be most noticeable in the 
formation of the center part of the inclined crack because this part develops 
at the highest internal pressure and is subject to the largest stresses. 
Third, the concrete located above the inclined crack is ignored in the 
analysis but may have had a stiffening influence on the center part of the 
dome. 
Because the determination of the shape of the center portion of the dome 
involves uncertainties and because these uncertainties affect the calculated 
stresses directly, it is necessary to be conservative in evaluating the 
consequences of the stresses in the dome. 
(c) The Strength of the Cryptodome 
The stress condition in the dome is analyzed using the axisymmetric 
finite-element model. To evaluate the stress condition, the failure indices 
(Chapters 6 and 7) are calculated. Two different evaluations of the failure 
index were used: (a) a which represents the worst stress condition at a w 
vertical section and is defined as the maximum value of a at each section, 
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excluding th~ nodes at the two boundaries, (b) a which is obtained from the 
a 
average stresses at each vertical section. 
The value of the failure index usually increases at the nodes very close 
to the centerline (Fig. 9.6). This is caused by imperfections in the finite-
element model~ The actual vertical stress along the inside face of the slab 
is equal to the applied internal pressure. However, the calculated vertical 
stress close to the centerline is smaller than the internal pressure (Fig. 
9.6)9 This leads to an increase in the failure index because the vertical 
stress is the confining pressure. In the examples in the next section, the 
values of the failure index inside a radius of 1 in. have been ignored. 
The calculation of the strength of a given cryptodome was, for three 
reasons, based on elastic response: 
(a) The force-deformation relationship for triaxially stressed 
concrete is hot well defined beyond the linear range. 
(b) The tests did not demonstrate clearly that inelastic deformation 
of concrete subjected to triaxial compression occurred to a significant 
extent. 
(c) If inelastic material properties are assumed, the calculated value 
of the failure index a will be insensitive to the applied internal pressure 
a 
at the center of the dome where it has its maximum value (Fig. 9.7). This 
could lead to overestimation of the strength of the dome. 
A twofold condition has been chosen as the failure criterion. If both 
of the following conditions are sa~is£ied at a certain internal pressure, 
failure is predicted to have occurred (Fig. 9.8): 
at locations with (9.1) 
at locations with (9.2) 
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This dual condition was prompted by the uncertainties in the determination 
of the shape of the dome, the force=deformation relationship of concrete and 
the failure criterion for concrete. However, the following rationale can be 
given: 
(1) For all vessels failing in shear, the observed failure plane was 
located in the stock of the dome. The inclined crack has an initial slope of 
about 45 degrees and the stock can be assumed to be limited to r > r - d b 
(Fig. 9.8). For shear failure to occur the value of Ow has to exceed unity at 
at least one node in the stock (Eq. 9.2). 
(2) Due to redistribution of stresses as the failure pressure is 
approached, the average stresses at one section have to reach a failure con-
dition. This does not have to occur in the stock (Eq. 9.1). 
If only Eq. 9.1 had been chosen as the failure criterion, the strength 
of the vessels with a high spanwidth-to~depth ratio (PV9 and PV15) would 
have been underestimated considerably. This is caused by the very thin domes 
that are obtained by using the method described abovee If it can be shown 
that the dome is thicker and if a more accurate criterion· to determine the 
shape of the dome is found, it is possible that Eq. gel would suffice as a 
failure criterion. 
If only Eq. 9.2 had been chosen as the failure criterion the strength of 
the vessels with penetrations would have been underestimated and it could not 
have been explained why the vessels with penetrations (PVI7 to PV2l) carried 
the same internal pressure as vessel PV16 with a solid end slab. 
9.3 Examples 
(a) Vessel PV16 
Using a tensile stress of 4~ as the cracking criterion, the inclined 
crack is calculated to have started at 1900 psi internal pressure, 8 in. from 
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the centerline and at mid-height of the slab. This pressure is used in 
determining the shape of the cryptodome. 
The inclined crack is defined by an equation of the third order between 
radii 0 in. and 8 .1_ J.ll. 
z = ar
3 + br2 + cr + d (9.3) 
The variable z is the vertical location of the crack counted from the inside 
face of the slab. By specifying the crack to go through point A(r = 8 ino, 
z = 5 in.) and to be horizontal at the centerline and have a slope of 45 
degrees at point A, the following equation is obtained 
z = ~ - 1 r3 + 7 - 38 r2 + 8 (9.4) 
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The only constant left is 8, which is the depth of the dome at the centerline. 
By varying 8 the thickness of the dome can be varied. For all values of 8 
less than 2.33 the inclined crack is concave upwards. The strains were calcu-· 
lated in domes that were from 1 in. to 2 in. thick at the centerline (Fig. '9.9). 
In the first step the strains at a radius of 4 in. was studied (Fig. 9.10). 
The calculated strains at the nodes along the two boundaries are ignored because 
they often seem to be incompatible with the strains at the other nodes. The 
dome with a value of 1-1/2 in. for 8 is the thickest one for which the strains 
at a radius of 4 in. increase continuously from one boundary to the other. 
The part of the dome that is outside a radius of 4 in. is now fixed. 
In the second step .the dome 'inside a radius of 4 in. was studied. A 
cubic equation Has used to define this part of the dome, too. The strains 
were studied at a radius of 1 in. instead of at the centerline because of the 
discontinuities obtained at the centerline. The dome in Fig. 9.11 with a 
thickness of 0.85 in. at the centerline satisfied the strain criterion. The 
calculated strains at different radii in this dome, at an internal pressure 
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of 1900 psi, are shown in Fig. 9.12. 
The defined limit of the stock of the dome is shown by the broken line 
in Fig. 9.11. Equation 9.2 has to be satisfied at radii greater than 3 in. 
The calculated values of the failure indices at an internal pressure of 1900 
psi are lower than the limits specified by Eq. 9.1 and 9.2 (Fig. 9.13). The 
failure indices are then calculated for an internal pressure of 2850 psi (Fig. 
9.14) for the same dome. The value of a has a maximum value of 1.06 at a 
w 
radius of 3 in. and a is 0.97 at a radius of 1-1/4 in. The maximum internal 
a 
pressure that vessel PV16 can resist in shear is therefore determined to be 
just above 2850 psi as compared to an experimental result of 3200 psi. 
(b) Vessel PV13 
The calculated cracking pressure is 3500 psi at a radius of 6-3/4 in. 
Domes with depths from 1.0 to 4.0 in. were analyzed using a cubic equation 
to define the shape of the crack (Fig. 9.15). Only one step was used in 
defining the shape of the crack because of the low spanwidth-to-depth ratio. 
The dome that is 2 in. thick at the centerline satisfies the strain condition 
at all radii (Fig. 9.16) and is a conservative (thin) estimate of the shape 
of the dome. 
At an internal pressure of 3500 psi the maximum values of the failure 
indices are Oe57 for a and 0.66 for a (Fig. 9.17). The calculated internal 
a. w 
pressure at which this vessel would fail in shear is considerably greater than 
3500 psi. As this vessel reached a pressure of 3450 psi without failing in 
shear, the calculations are in accord with the test results. 
(c) Vessel PV9 
The cracking pressure was calculated to be 810 psi. For determining 
the shape of the dome, the part inside point A was divided into four subsections 
because of the high spanwidth-to-depth ratio. Each section was defined by a 
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cubic equation. It was found that the center of the dome would be very thin 
(Fig. 9018) and that the calculated strength of the dome would be determined 
by the maximum value of O'.w in the stock CEq. 9.2) 0 It \vas therefore not 
necessary to try to satisfy the strain condition inside the stock of the dome 
(Fig. 9.19). ,At an internal pressure of 810 psi the calculated maximum value 
of a is 0.76 at a radius of 6-1/2 in. which is the defined boundary of the 
w 
stock (Fig. 9.20). The internal pressure was increased to 1000 psi but the 
value of a was still less than 1.0 in the stock (Fig. 9.21)0 This agrees 
w 
with the test results, because the vessel failed in flexure at 887 psi. 
(d) Vessel PVlS 
The calculated cracking pressure is 1200 psi. Also for this vessel an 
extremely thin dome would have been obtained if the strain condition was 
stringently satisfied. A dome (Fig. 9.22) was chosen that was sufficiently 
thin to make Eq. 9.2 the critical condition and that satisfied the strain·con-
dition ·in the stock (Fig. 9.23). The maximum value of aw at 1200 psi internal 
pressure is 0.86 at a radius of 6 in. (Fig. 9.24). At an internal pressure of 
1500 psi the value of O'.w exceeded 1.0 slightly,making the calculated shear 
strength of the slab about 1500 psi. The test vessel failed in shear at an 
internal pressure of 2300 psi so the design method was unnecessarily con-
servative for this vessel. 
9.4 Vessel with Penetrations in the End Slab 
(a) Idealization of Penetrations 
In determining the shape of th'e dome, the pene trations can be ignored 
and the slab analyzed as a solid slab. The influence of penetrations on 
the shape of the dome is minor. 
The penetrations influence the magnitude of the failure indices. Two 
different methods can be chosen to calculate the failure indices: 
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(1) The axisymmetric finite-element :is modified where the penetrations 
are located (Chapter 7). The modulus of elasticity for each element is 
reduced in proportion to the amount of concrete that is removed by the pene-
trationso Thereafter, the failure indices are calculated. 
(2) The failure indices are calculated as if the slab was solid. Then, 
the failure indices at the radii where the penetrations are located are 
divided by S, which is defined as the solid perimeter at any radius divided 
by the total perimeter at the same radius. This'method is simpler but more 
conservative than the first method. 
After the failure indices have been ca'lcu1ated, Eq. 9.1 and 9.2 are 
used to determine if a failure condition exists. 
(b) Examples 
For test vessel PV16 the calculated maximum values are located at I-in. 
radius for a and at 3-in. radius for a (Fig. 9.14). Both values are about 
a w 
1.0 at the calculated failure pressure. The penetrations do not lower the 
calculated failure pressure unless the maximum values of both aa and (J.r..] are 
increased. 
Vessels PV17, PVI8, PV20 and PV2l had penetrations located at a radius 
of 8 in. The value of a
w 
for PVl6 is 0.86 at a radius of 8 in. and only a 
few penetrations have to be introduced before it exceeds unity. However, a. 
a 
is only 0.50 at this radius and 50 percent of the section has to be removed 
before it exceeds unity. The calculated failure pressure is therefore 2850 
psi for all these vessels and for vessel PV16, and the penetrations have not 
had any effect on the calculated shear strength of the vessels. This agrees 
with the test results. 
Vessel PV19 had penetrations at a radius of 4 in. For vessel PVl6 the 
value of a is about 1.0 at this section while the value of a is 0.65. 
W a 
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Consequently, 35 percent of this section could be removed without affecting the 
calculated shear strength of the slabe In vessel PV19 penetrations removed 
50 percent of the section and a decr~ase in strength was expected. That 
this effect did not materialize is probably due to the sealing plates for the 
penetrations (section 203). 
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10e SUMMARY 
(a) Object and Scope 
The object with this investigation was to study the shear strength of 
end slabs of prestressed concrete reactor vessels. The configuration of the 
vessels was that of a cylinder bounded by two flat slabs. The vessels were 
prestressed circumferentially and longitudinally and subjected to an internal 
pressureo Vessels with solid end slabs and vessels with penetrations in the 
end slabs were studied. 
Six pressure vessels were tested. The only systematically varied variables 
were the amount and location of penetrations in the end slabs. The vessels 
failed at internal pressures between 3000 psi and 3500 psi with no apparent 
relation between the failure pressures and the amount and location of penetra-
tions. 
(b) Initiation of the Inclined Crack 
A set of equations have been presented that predicts the internal pressure 
at which ,the inclined crack is initiated. The equations are accurate if only a 
small amount of cracking occurs in other areas of the slab before the inclined 
crack is initiated. Extensive flexural cracking may precipitate the development 
of the inclined crack. 
(c) Shear Strength of the End Slab 
The end slab and the wall of the pressure vessel are almost separated 
as the failure pressure is approached, and the end slab can be analyzed 
separately. There are two stages involved in analyzing the shear strength 
of the end slab: (1) determining the shape of the cryptodome that is car-
rying the internal pressure and (2) calculating the stress condition in the 
cryptodome. 
(1) The shape of the cryptodome was determined by assuming that the 
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inclined crack passed through the points at which the principal tensile strains 
had their maximum values. This assumption proved successful in determining 
the major part of the inclined crack. However, sometimes it leads to an 
underes timation of the thickness at the center of the dome 0 
(2) The'stresses in the cryptodome were calculated assuming the concrete 
to have a linear force-deformation relationship in compression. The calculated 
stresses were compared by using a failure criterion based on Hehris stress 
circles. 
(d) Inf1uence of Penetrations 
Penetrations that are located in the section in which the inclined 
crack is initiated, precipitate the formation of the crack. This effect is 
included in the equations that were suggested for predicting the· initiation 
of the inclined crack. 
In the experiments that were performed, the penetrations did not affect 
the strength of the vessels. However,it has not been possible to give a "rule 
. of thumb If of the amount of penetrations that can be introduced wi thout affecting 
the strength of 'the slab ~ The design method that has been de.veloped indicates 
that, depending on the geometrical shape 6f the vessel and the location of 
penetrations, even a few penetrations may reduce the strength of the slab. 
When the effect of penetrations in the end slab is being considered, the cal-
culations presented in Chapter ~ have to be carried out. 
(e) Conclusions 
The following may be concluded, from the tests and analyses of the pressure 
vessels wi th and wi thout penetrations in the end slab. 
About the development of cracks: 
• Cracking at the reentrant corner changes the distribution and magnitude 
of radial strains on the inside face of the end slab. The propagation of the 
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reentrant-corner crack is associated with a reduction in the end restraint on 
the slab 0 
~ Cracking at the reentrant corner increases the tensile strains on the 
outside face of the end slab, thus hastening the initiation of flexural 
cracks .. 
• Calculations indicated that initiation of inclined cracking near the 
mid-height of the end slab would not be sensed by strain measurements on 
the inside and outside surfaces of the end slab. This was not refuted by 
the experimental measurements. 
• Experimental observations indicated that, after initiation near the 
mid-height of the end slab, the inclined crack propagated in both directions, 
extending toward the outside face at a faster rate than toward the inside 
face. The inclined crack tended to carve a dome out of the end slab, called 
the "cryptodome" in this report 0 
• Measurable changes occurred in the end-slab strains when the inclined 
crack reached the outside surface~ These changes indicated that the internal 
pressure was being resisted primarily through dome action. 
• End slabs with penetrations developed flexural cracks at the outside 
surface at a slightly lower pressure than solid end slabs. 
• It was possible to observe the initiation of the inclined crack in 
end slabs with penetrations through the use of strain gages. These observa-
tions led to no significant difference between inclined-cracking pressures in 
vessels with increased number or size of penetrations in the critical cracking 
region despite the indication from calculations that the difference would be 
approximately 14 percent. It was not possible to make direct comparisons of 
the cracking load for a solid end slab with that for one with penetrations on 
the basis of the experimental observationso 
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About the shear strength of the end slab: 
• Collapse of the end slab resulted from failure of the concrete in the 
cryptodome under the influence of high compressive and shear stresseso 
• In end slabs with penetrations, failure occurred in the concrete 
between the penetrations. 
• Although the penetrations in some test vessels removed up to half of 
the circumference on which they were located, the reduction in shear strength 
of the end slab was not significant. 
About analysis: 
• The pressure at initiation of the inclined crack could be estimated 
on the basis of an elastic analysis of the end slab using a tensile stress 
of 4~ as the criterion for cracking. 
cu 
• It was found by comparing the results of two- and three-dimensional 
analyses that the stresses in end slabs with penetrations could be evaluated 
through the use of axisymmetric analyses with simple modifications. 
e' A failure criterion based on Mohr's stress circles was fOwld most 
suitable to evaluate the significance with respect to failure of the multi-
axial stress conditions in the dome. 
• Using a nonlinear force-deformation relationship for concrete did not 
affect the calculated critical stresses in a givencryptodome. 
• If average stresses are calculated at each vertical section, the 
tangential stress is the intermediate principal stress,·which is compatible 
with the fact that failure occurs ~n the radial-vertical plane. 
• The shape of the cryptodome can be determined by specifying that the 
maximum tensile strains at any vertical section should have their maximum 
value at the trajectory of the inclined crack. 
• The distribution of maximum tensile stresses in any vertical section 
was found insensitive to the applied internal pressure. 
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• A method was developed which can be used for obtaining a safe lower 
bound to the shear strength of a flat end slab. This included (a) the 
calculation of the pressure corresponding to inclined cracking, (b) the 
determination of the dimensions of the cryptodome, and (c) evaluation of the 
stresses in the cryptodome. 
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16 
17 
18 
19 
20 
21 
Number and 
Diameter of 
Penetrations 
3 X 4" 
6 x 4" 
6 X 2" 
12 x 2" 
6 x 2" 
Distance from 
Center of 
Slab 
in. 
8 
8 
4 
·8 
8 
TAB LE 2. 1 
PROPERTIES OF TEST VESSELS 
Percent of 
Perimeter 
Removed (a) 
25 
50 
50 
50 
25 
S(b) 
100 
75 
50 
50 
50 
75 
Percent of 
Slab 
Removed (c) 
7.7 
15.3 
3.8 
7.7 
3.8 
Circumf. 
Prestress (d) 
ps i 
1206 
1265 
1188: 
1170 
1155 
1130 
Total 
Longitudinal 
Prestressing 
Force . 
kips 
1995 
2080 
1818 
2300 
2140 
2300 
f 
cu 
psi 
7450 
7180 
7590 
7470 
6890 
7400 
Maximum 
Internal 
Pressure 
psi 
3200 
3000 
3000 
3500 
3300 
3300 
Ca) Length of perimeter removed divided by total perimeter along the circle that passes through the centers of the penetrations. 
(b) Solid perimeter divided by total perimeter along circle that goes through the center of the penetrations. 
(c) Horizontal area of penetrations divided by inside area of slab (n x 12.5 2 ) .. 
(d) Equivalent radial pressure. 
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:.::) 
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TABLE 9.1 
PROPERTIES OF THREE VESSELS WITH SOLID END SLABS 
",;', 
Vessel Slab Wa 11 Circumf. Long. Concrete 
Vessel Diameter Thickness Thickness Prestress Prestress f 
cu 
in G iin. in. psi kips psi 
PV9 40 9 5 615 750 7140 
PV13 40 112.5 7.5 1145 1356 6750 
PV15 40 7.5 7.5 1292 1200 7340 
* Equivalent radial pressure 
Max. 
Internal 
Pressure 
psi 
887 
3450 
2300 
Fa i 1 ure 
Flexural 
Wa 11 
Shear 
..... 
o 
In 
30 holes at 
o 12 apart 
0.75 11 D iamete 
St res stee 1 rods 
Bonded 
Re i nforcement 
7.5" 
1 1/4" Ttl i ck r i 
06 
1-----
Stressteel nut 
earing plate 
load ce 11 
0 .. 25" Diameter 
prestressing wire 
10" 
30" 
Threaded plates 
FIG. 2.1 DIMENSIONS OF TEST VESSELS 
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FIG. 2.2 THE INCLINED CRACK AFTER INITIATION 
FIG. 2.3 THE CRYPTODOME THAT IS CARVED OUT BY THE INCLINED 
CRACK 
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FIG. 2.4 THE FAILURE PLANE IN THE CRYPTODOME 
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FIG. 2.5 VESSELS WITH PENETRATIONS i in. FROM THE CENTER 
OF THE SLAB 
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FIG. 2.6 VESSEL WITH PENETRATIONS 4 in. FROM THE CENTER 
OF THE SLAB 
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FIG. 2.8 TRAJECTORY OF THE INCLI~ED CRACK AND FAILURE SURFACE IN VESSEL PV16 
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FIG. 2.9 TRAJECTORY OF THE INCLINED CRACK AND FAILURE SURFACE IN VESSEL PV17 
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FIG. 2.10 TRAJECTORY OF THE INCLINED CRACK AND FAILURE SURFACE IN VESSEL PV20 
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FIG. 2 .. 11 TRAJECTORY ~F THE INCLINED CRACK AND FAILURE SURFACE IN VESSEL PV21 
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FIG. 2.12 TRAJECTORY OF THE INCLINED CRACK IN VESSEL PV18 
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FIG. 2.13 TRAJECTORY OF THE INCLINED CRACK IN VESSEL PV19 
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FIG. 301 IDEALIZED PRESTRESSING ARRANGEMENT AND DIFFERENT 
TYPES OF CRACKS OBSERVED IN THE VESSELS 
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FIG. 3.2 CRACK AT THE REENTRANT CORNER THAT WAS INTRODUCED IN THE 
FINITE-ELEMENT MODEL 
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FIG. 3.5 MEASURED RADIAL STRAINS ON INSIDE FACE OF THE SLAB OF VESSEL PV16, 
11-1/2 in. FROM THE CENTER. 
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FIG. 3.6 MEASURED RADIAL STRAINS ON INSIDE FACE OF THE SLAB OF VESSEL PV16, 
~ ... 3/8 - in. 'FR(WI; TIlE CE:NTER 
-OJ 
::; 
ttl 
tJl 
. 122 
4000·r-----~----~----_r----~------~----~----~----~----~ 
3~0~----r_----4_----~--~~----~~----+_----~----~~--~ 
3000r-____ r-____ ~---C-3-4~--~ __ ~~~~------~----+_--_+~----~ 
OJ 2000 
ct 
-
CJ 
C 
Cii I~O C 
1000 
500 
\ 
~6 
--
Inside Circumferenti91 
o -2~,0~----1~,5~----~1.-0------0,~8~----0~.6------0~.-4------0~,2----~0-----0~.-2----~0.4 
Strain )( 10 !I 
FIG. 3.7 MEASURED CIRCUMFERENTIAL STRAINS ON INSIDE FACE OF THE SLAB OF 
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FIG. 3.8 MEASURED CIRCUMFERENTIAL STRAINS ON INSIDE FACE OF THE SLAB OF 
VESSEL PV16, 9-3/8 in. FROM THE CENTER 
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FIG. 309 MEASURED STRAINS AT THE CENTER OF THE OUTSIDE FACE OF THE 
SLAB OF VESSEL PV16 
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FIG. 3.11 EXTENT OF FLEXURAL CRACKING THAT WAS INTRODUCED 
IN THE FINITE-ELEMENT MODEL 
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VESSEL PV16, INDICATING INFLUENCE OF EEEXURAL CRACKING 
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FIG. 3.13 CALCULATED TANGENTIAL STRAINS ALONG TWO HORIZONTAL PlANES 
IN VESSEL PV16, INDICATING INFLUENCE OF FLEXURAL CRACKING 
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FIGs 3.14' MEASURED STRAINS ON THE OUTSIDE FACE OF THE SLAB OF VESSEL PV16, 
3-1/8 in. FROM THE CENTER 
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FIGo 3.15 MEASURED STRAINS ON THE OUTSIDE FACE Of THE SLAB OF VESSEL PV16, 
6-1/4 in. FROM THE CENTER 
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FIG. 3 .. 17 MEASURED RADIAL STRAINS ON THE OUTSIDE FACE OF THE SLAB OF VESSEL 
PV16, 12 in. FROM THE CENTER 
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FIG. 3.19 DIAMETRAL CUT THROUGH THE END SLAB OF VESSEL PV13 
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FI G. 3.20 PHOTOGRAPH AND SKETCH SHOWING LOCATION OF CRACKS: IN 
SLAB OF VESSEL PV12 
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FI G. 3.21 SHOR T INCLINED CRACK THAT WAS INTRODUCED IN THE 
FINITE-ELEMENT MODEL 
Hoop 
Prestress 
.:..1000 
L. 
-1000 
Radial 
o +1000 
~ 
o +1000 
.. , 
" , 
, 
, 
, 
," 
-]000 
... 1000 
Sect i on A-A 
Vertical 
," 
, 
, 
o 
o 
-1000 
Stress, psi 
Section B-B 
1- "'K 
.. 1000 
Stress, psi 
. ---- No Crack 
Shear 
o +1000 -1000 0 
o +1000 -1000 o 
Inc 1 i ned Crack· 
FIG. 3022 DIS1RIBUTION OF STRESSES ALONG TWO VERTICAL PLANES, INDICATING INFLUENCE OF A 
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FIG. 3.23 LONG INCLINED CRACK THAT WAS INTRODUCED IN THE 
FINITE-ELEMENT MODEL 
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FIG. 3.26 SHEAR FAILURE OCCURRING BEFORE THE COMPLETION 
OF THE CRYPTODOME 
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FIG. 3.29 SECTIONS OF THE INCLINED CRACKS AND FAILURE SURFACES 
FOR VESSELS FAILING IN SHEAR 
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FIG. 4.2 METHOD USED TO SIMULATE PENETRATfONS IN AN 
AXISYMMETRIC MODEL 
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FIG. 4024 MEASURED SHEAR STRAINS AT MID-HEIGHT OF PENETRATIONS AND 
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FIG. 4.25 MEASURED SHEAR STRAINS AT MID-HEIGHT OF PENETRATIONS AND 
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FIG. 4032 CALCULATED PRESTRAIN AND MEASURED STRAINS AT MID-HEIGHT 
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FIG. 4.34 CALCULATED PRESTRAIN AND MEASURED STRAINS AT MID-HEIGHT 
OF PENETRATIONS IN THE SLAB OF PV21 
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FIG. 6.12 RADIAL STRESSES ALONG THE INSIDE FACE OF THE SLAB 
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FIG. 6813 FAILURE INDICES BASED ON THE WORST STRESS COMBINATIONS 
FOR THREE DIFFERENTLY SHAPED CRYPTODOMES 
1.4 
1.2 
1.0 
?l 
~ a .8 
+::1 
.... u 
:::::: 
b 
II 0 
tj 
.6 
Q 4 
o .2 
~ 
i 
--" 
...... 
--
, 
183 
I 
--
Thin 
----- Median 
---
Thick 
V '\ 
-............ 
........ ", ~\ 
.. ----':~ 2~~ , 
.~~ 
-- \ 
\ 
~ 
........... ~ ..--
4 E 10 I 2 14 16 18 
Distance from Slab Center, in. 
FIG. 6.14 FAILURE INDICES BASED ON AVERAGE STRESSES FOR THREE 
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FIG. 6.15 FAILURE INDICES FOR STRESSES AT MID~HEIGHT OF THREE 
DIFFERENTLY SHAPED CRYPTODOMES 
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FIG. 6.20 FAILURE INDICES BASED ON WORST STRESS COMBINATIONS IN 
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FIG. 6.21 FAILURE INDICES BASED ON AVERAGE STRESSES IN THE 
CRYPTODOME SHOWN IN FIG~ 6.2 
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FIG. 6.22 FAILURE INDICES BASED ON STRESSES AT MID-HEIGHT IN THE 
CRYPTOOOME SHOWN IN FIG. 6.2 
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FIG. 6.23 RADIAL STRESSES ALONG THE INSIDE FACE OF THE SLAB FOR THREE 
DIFFERENT CRYPTODOMES ASSUMING INELASTIC MATERIAL PROPERTIES 
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FIG. 6.25 RADIAL STRAINS ALONG THE INSIDE FACE OF THE SLAB ASSUMING 
THREE DIFFERENTLY SHAPED CRYPTODOMES AND INELASTIC 
MATERIAL PROPERTIES 
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FIG. 7.6 CALCULATED VERTICAL STRESSES ALONG THE SURFACE SHOWN 
IN FIG. 7 .. 2 
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FIG. 7.9 CALCULATED VALUES OF THE FAILURE INDEX ALONG THE 
SURFACE SHOWN IN FIG-. 7.2 
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FIG. 7.11 CALCULATED RADIAL STRESSES AT MID-HEIGHT OF CRYPTODOMES 
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FIG. 7.12 CALCULATED VERTICAL STRESSES AT MID-HEIGHT OF 
CRYPTODOMES 
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FIG. 7.13 CALCULATED SHEAR STRESSES AT MID-HEIGHT OF CRYPTODOMES 
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FIG. 7015 FAILURE INDICES BASED ON STRESSES AT MID-HEIGHT 
OF CRYPTODOMES 
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FIG. 7.16 FAILURE INDICES BASED ON AVERAGE STRESSES AT VERTICAL 
SECTIONS OF CRYPTODOHES 
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FIG. 7017 FAILURE INDICES BASED ON "mE WORST STRESS 'COMBINATIONS AT 
VERTICAL SECTIONS OF CRYPTODOHES 
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FIG. 7 .. 18 CALCULATED RADIAL STRESSES AT MID-HEIGHT OF 
CRYPTOOOMES 
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FIG. 7.19 CALCULATED VERTICAL STRESSES AT MID-HEIGHT OF 
CRYPTODOMES 
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FIG e 7.20 CALCULATED SHEAR STRESSES AT MID ... HE IGHT OF 
CRYPTODOMES 
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FIG. 7.21 FAILURE INDICES BASED ON STRESSES AT .MID-HEIGHT 
OF CRYPTOOOHES 
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FIG. 7.22 FAILURE INDICES BASED ON AVERAGE STRESSES AT 
VERTICAL SECTIONS OF CRYPTODOMES 
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FIG. 7.23 FAILURE INDICES BASED ON THE WORST STRESS COMBINATIONS AT 
'VERTICAl SECTIONS OF CRYPTODOMES 
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FIG. 8.2 CALCULATION OF THE VERTICAL STRESS AT POINT A 
206 
<4 
2 
0 V / 8 V / 6 V / 4 
V V 2 & .. 1.75 ~ 
-
~ l to 12 14 16 18 20 
Distance from Slab Center, in. 
FIGo 901 HYPOTHETICAL SHAPE OF THE CRYPTODOME IN END SLAB Of VESSEL PV16 
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FIG. 9.2 CALCULATED STRAINS IN THE CRYPTOOOME SHOWN IN FIG. 9.1 AT TWO 
INTERNAL PRE~SlMES AHO ASSU'MING ELASTIC AND INELASTIC MATERIAL 
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FIG. 9.3 TWO CRYPTODOMES THAT HAVE IDENTICAL SHAPES AT RADII LARGER 
THAN 4 in. 
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FIG. 9.4 CALCULATED MAXIMUM TENSILE STRAINS IN THE CRYPTODOMES 
SHOWN IN FIG. 9.3 
Q 
208 
Poinf 8 
Horizoofal 
Verticals: 3 2 o 
4 
2\ 
0\ \ 
, 
\ 8 
' ..... 
....... 
6 
I' 
/ 4
V 
FIG. 9aS GEOMETRICAL CONDITIONS THAT HAVE TO BE SATISFIED 
BY THE INCLINED CRACK 
I 
I 
~'\. I 
'~ ._----- ~. - ----"', 
..... ""h. ... 
~-.~ 
~~ 
-
\ I I I 
--- Vertica I Stress AIOnld Insid@ Face of Slab 
-- 110 Auumin.g Elastic Material Properties -
----- C&g Aslumi~ IMlastic Mat.rial Pro~rties 
---.----1-----
~.-----
--.~ 
f----- -_. 
----- ...... -----~.---
'" 
--~ 
7000 
6000 
5000 
4000._ 
en 
a. 
en 
en 
~ 
3000Cll 
2000 
o 
I', 
.2~- -- I 
'-... ~ 000 ~ 
-
'1 . ~ 10 12 104 16 18 
Distance from Slab Ctnttr, in. 
FIG. 9.6 FAILURE INDICES BASED ON AVERAGE STRESSES AND THE VERTICAL 
STRESS ALONG THE INSIDE FACE OF THE SLAB FOR AN ARBITRARY 
DOME AT 2850 ps I I NTERNAL PRESSURE 
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FIG. 9.7 FAILURE INDICES BASED ON AVERAGE STRESSES FOR AN 
ARBITRARY DOME AT TWO DIFFERENT INTERNAL PRESSURES 
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FIG. 9.9 POSSIBLE SHAPES OF THE CRYPTODOME IN THE END SLAB Of VESSEL PV16 
AS DETERHINEb BY EQ. 904 
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FIG. 9.13 CALCULATED FAILURE INDICES IN THE DOME SHOWN IN FIG. 9.11 
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FIG .. 9.14 cALCULATED FAILURE INDICES IN THE DOME SHOWN IN FIG. 9.11 
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FIG. 9.15 POSSIBLE SHAPES OF THE CRYPTODOME IN THE END SLAB OF 
VESSEL PV 13 AS DETERMINED BY A CUBIC EQUATION 
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FIG. 9.16 CALCULATED MAXIMUM TENSILE STRAINS IN THE OOMES 
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FIG. 9.23 THE DISTRIBUTION OF MAXIMUM TENSILE STRAINS IN THE DOME 
SHOWN IN FIG. 9.22 AT AN INTERNAL PRESSURE OF 1200 psi 
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APPENDIX A: DESCRIPTION OF TESTS 
A.l Materials 
(a) Concrete 
The vessels were cast from concrete mixed in the laboratory. 
nyO different mixes were used, one for the cylindrical skirt and one 
for the end slab. 
The first mix was used for the skirt up to a level of 2 in. 
below the reentrant corner. Two batches of concrete were required to cast 
the skirt. The concrete contained pea gravel aggregate and Wabash river 
sand with type III cement. The proportions by weight of cement:sand:gravel 
were 1.00:2.77:3.07 and the water cement ratio was 0.56. 
The second mix was used for the slab and the top 2 in. of the 
skirt and was made in one batch. The concrete contained crushed limestone 
aggregate with a maximum particle size of one inch and Wabash river sand 
with type III cement. The proportions by weight of cement:sand:gravel 
were 1.00:3.51:3.40. Type III cement was used with a water cement ratio 
of 0.74. 
Five 6x12-in. cylinders were cast from each batch for compression 
tests. Five 6x6-in.; cylinders were also cast from the batch used in the 
end slab for split cylinder tests. The properties of the batches used 
in the end slabs of the vessels are shown in Table A.I. 
(b) Longitudinal Reinforcement 
The vessels were prestressed with 0.775-in. diameter Stressteel 
rods. 
The result of a tensile test of a 30-in. Stressteel rod is 
plotted in Fig. A.l. The strain was measured using an 8-in. extensometer. 
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The ultimate stress in the rod, which had a measured cross-sectional 
area of 0.471 sq. in. was 140 ksi. 
(c) Circumferential Reinforcement 
The wire that was used to prestress the vessels circumferentially 
was obtained from Interpace. Tests conducted on samples cut from .the 
unstressed coil before prestressing and cut from the wire on the vessels 
after pressure testing showed no significant difference in stress-strain 
response. 
The wire had a diameter of 0.250-in. and an area of 0.0491 sq. 
in. The wire was tested on a Baldwin testing machine. Tests were made 
using a 2-in. electrical extensometer to measure deformations. Another 
set of tests was made using a portable strain indicator to read strains 
from two BLH HE121 strain gages. The two strain gages were mounted on 
opposite sides of the wire and wired in series in order to average the strain 
readings. A typical stress-strain curve is shown in Fig. A.2. 
(d) Liner Materials 
The neoprene used to seal the pressure vessels was purchased in 
200-1b rolls. The sheets were 72-in. wide and 1/16-in. thick., It was 
specified as "60 riurometer Shore A Black neoprene Sheeting, Type #260~. 
The a-ring mater~al was obtained in 200-ft lengthse The 
diameters of the 3/l6-in. and 3/4-in. O-ring stock were (0.21~O.OlO) in. 
and (O.750±0.OIO) in. respectively. The material was specified as "70 
Durometer Shore A Extruded Buna N a-ring cord stock". 
The caulking used to complete the seal at the end slab was 
General Electric Silicone Caulking. 
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Sheets of aluminum with a thickness of 0.017-in. and of l6-oz. 
soft copper were used on the sides and end slabs of the vessels. 
A.2 Fabrication 
(a) Casting and Curing 
The pressure vessels were cast in the steel form shown in Fig. A.3. 
The outer form was rolled from 5/l6-in. steel plate and reinforced with 
rolled 2x2xl/4 in. angles. The inner form was rolled from 3/l6-in. plate. 
It was divided into four major pieces so that it could be dismantled after 
casting. Holes were drilled into the base plate for the 7/8-in. diameter 
rods which formed ducts for the longitudinal pres'tressing;. The tops of 
the rods were secured by a template of 1/2-in. steel plate which was supported 
by sections of 4-in. wide channel attached to the sides of the form. The 
center of the template plate was cut out to permit access to the form for 
pouring the concrete. 
The penetrations were obtained by attaching pipes to the top 
surface of the inner form (Fig. A.4). The pipes were 10-in. long. Around 
the pilles and next to the top surface of the inner form, lxI-in. tori of 
cork were attached to form indentations for the steel plates which were 
used to seal the penetrations. No indentations were fermed around the 
penetrations of vessel PV19. 
The specimens were cast in three batches as noted previously. 
The batches were proportioned so that the end slab and at least 2-in. 
of the skirt were cast from the third batch. The concrete was vibrated 
internally with an electric vibrator during casting. Five 6x12-in. 
cylinders were cast from each batch. Five 6x6-in. cylinders were also 
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cast from the end slab batch for use in the splitting test. The side walls 
of the vessels were reinforced wi.th No. 4 bars to have a reinforcement 
ratio of one percent. The bars were placed longitudinally about 1/2-in. 
from the outside surface of the concrete. 
When the concrete had begun to set, usually about two hours after 
casting, the greased rods and the greased pipes forming the penetrations 
were manually extracted and the. top of the vessel was trowelled to a smooth 
finish. The vessels were then covered with polyethylene film until the 
form was struck on the second day after casting. The vessels were cured 
under wet burlap for· one week in the laboratory, which had environmental 
o 
control set at 70 F and 50 percent relative humidity. 
(b) Circumferential Prestressing 
The INTERPACE plant at South Beloit~ Illinois, made their facilities 
available for applying the circumferential prestressing wiree A mandrel and 
end fittings as shown in Fig. A.S were designed to adapt the vessels to 
the equipment at INTERPACE, which is normally used to wrap concrete pipes. 
The vessels were transported to and from South Beloit by truck. 
Anchors for the prestressing wire were cast into the vessels. An 
anchor is shown bolted to the form in Fig. A.6a. Figure A.6b shows a' 
closeup of the anchor. A steel block about 3/4 x 3/4 x 1-1/4 in. was 
grooved and stamped, forming a toothed channel to grasp the wire. The 
block was then welded to a 3/8-in. diameter rod that had been bent into a 
U-shape to provide anchorage. The block and rod were hardened as a unit. 
The anchors were provided by INTERPACE and performed well throughout the 
test series. 
223 
The prestressing operation was started by securing the wire in 
the anchor at the closed end. This was done by driving the wire into the 
toothed channel with a hammer. The first wrap of nrestress was applied at 
a slightly reduced load. Subsequent wraps of the O.250-in. diameter wire 
were applied at a tension of 7,800 lb. 
A schematic diagram of the machine at INTER~ACE is shown in 
Fig. A.7. When the mandrel and vessels were in place, an axial load of 
about 20,000 lb was applied to create a friction force between the end 
fittings and the rubber bearing surfaces on the turning heads. The turning 
heads were rotated by a motor mounted at one end of the frame. The pre-
stressing wire passed through a straight duct about 50 ft long from an 
uncoiling area to a friction wheel. The wire then passed through a load 
cell above the friction wheel and travelled overhead to the spacing apparatus 
which ran on a track above the mandrel and vessels. The spacing apparatus 
could advance automatically at a rate proportional to rotation of the 
turning heads or be adjusted by an operator. Tension was developed in the 
wire at the friction wheel by a n. C. motor which supplied a resisting 
torque. The. load cell, which was located above the friction wheel, gave 
an account of the tension in the wire. Deviation from the desired load 
could be compensated by"adjusting the torque transmitted by the D. C. motor. 
The load cell was-calibrated to indicate the tension in the wire at the 
turning heads. Approximately five minutes were required to prestress a 
vessel. 
The force in the wire as it was being wrapped around the specimen 
was known. To obtain the effective prestress at the time of the test, the 
224 
following procedure was used. All calculations refer to the prestress around 
the end slab. The initial prestress was assumed to be the force in the wire 
less the calculated effect of the reduction in diameter of the vessel due 
to elastic, deformation of the concrete. The time-dependent losses were 
estimated using the creep and shrinkage data given in Fig. A.8, which had 
been obtained in an earlier phase of the project (Paul et al., 1969). 
Relaxation of the prestress wire, estimated to be less than four percent in 
most cases, was ignored because of lack of directly relevant data and 
because the scatter in the time-dependent properties of the concrete was 
eXp'ected to be much larger. The increase in circumferential prestress caused 
by longitudinal prestressing was calculated by assuming that the Poisson's 
ratio for concrete was 0.15. 
'(c) Sealing of Vessels 
The penetrations were sealed with steel plates on the inside of the 
slab. The steel plateS for the vessels with penetrations 8 in. from the 
center of the slab were I-in. thick and were flush with the inside face of 
the slab when they were placed in the indentations. For the vessel with 
penetrations 4 in. from the center of the slab indentations were not fOI'nled 
around the, penetrations. The sealing plates, which had a thickness of 0.25 in. 
close to the edge and 1 in. at the center were supported directly on the 
inside face of the slab. 
After the sealing plates were placed, a O.25-in. thick layer of 
hydrocal was applied on the inside face of the slab to protect the strain 
gages. 
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The seal consisted of lining the wall and the end slab with a 
sheet of 0.017-in. thick aluminum bonded to the concrete with rubber cement 
(Fig. A.9). Next, a liner of l6-oz. soft copper was nlaced over the 
aluminum. The copper-aluminum interface was greased so that the copper would 
not develop large stress concentrations during deformation. The copper sheet 
used on the end slab had a I-in. lip which was soldered to the copper sheet 
on the wall. The lap in the copper wall sheet was also soldered as was the 
copper-steel joint at the I-in. steel base ring. The vessels were placed 
on a 4-in. steel plate and then lightly prestressed longitudinally and 
pressurized to 50 psi gas pressure to deform the metal liners to the contours 
of the concrete and to check for any major leaks in the liner. The steel 
plate was then removed and a layer of 1/16-in. thick neoprene was placed 
over the copper and secured with rubber cement. A 3/4-in. neoprene a-ring 
was also installed at the junction of the end slab and the side wall. 
(d) Longitudinal Reinforcement 
The vessels were prestressed longitudinally with sixty 0.775-in. 
diameter Stressteel bolts. Strain gages were placed on twenty-eight of the 
bolts, and these bolts were calibrated in the laboratory. Loading of the 
bolts was accomplished with a 30-ton Simplex jack with the scheme shown in 
Fig. A.IO. The lack chair permitted a nut to be tightened against a 
continuous steel plate that was 1-1/2 in. thick. The plate had an inner 
diameter of 26 in. and an outer diameter of 40 in. The plate was cut 
radially between each rod to reduce any reinforcing effect (Fig. A.ll). 
The load in the bolts after the jack was released varied from 40 to 45 kips 
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but was reduced when the surrounding bolts were stressed. The forces in 
the bolts were measured immediately after the prestress'ing v]as finished and 
again before the test. 
A.3 Instrumentation and Test Procedure 
In general the instrumentation consisted of deflection measurements 
across one diameter of the head and down the side on a line at one end of 
this diameter, strain measurements on the concrete on the inside and on the 
outside faces of the slab and on the concrete inside the penetrations, strain 
measurements on the circumferential prestressing steel, and on some of the 
longitudinal prestressing bolts. The strain gages on the concrete and on the 
circumferential steel reinforcement were placed after the steel was wrapped 
so that only the change in strain during the test was measured. The strain 
gages on the longitudinal prestressing ~olts were monitored during the 
prestressing operation and during the test so that the total load could be 
calculated. The actual number of measurements of ,each type and their locations 
are shown in Appendix B for each test. 
The strain gages used on the concrete were BLH typ~ A12 which have 
a I-in. gage length and are flat wound wire gages with paper backing'. These 
gages were applied with Eastman 910 cement. There was some concern that the 
strain gages located on the inside of the head would be affected by the 
normal pressure on the gage grid. This problem is discussed in Appendix C. 
On the inside of the ,head the gages were applied by first sanding the concrete 
to a smooth finish and then placing a layer of cement on the concrete and 
allowing it to set. The gages were then cemented to this prepared surface 
with Eastman 910 cement and a soft rubbery protective coating placed over the 
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The test shed was located about 100 ft from the Structural Dynamics 
Laboratory. Approximately 135 ft of cable was required to reach the area where 
readings were taken in the main laboratory. A 4-conductor cable with heavy 
rubber coating passing through an overhead metal cable tray was used between 
the two buildings. This cable is Belden 8424 and contains 20 gage conductors. 
Several of the tests were performed during the winter so a heater was placed 
in the test shed to keep it warm enough for men to work. It was not possible 
to maintain room temperature at all times with this heater but temperature 
compensating strain gages were placed in the test chamber wi.th the test 
specimen. The specimen was then left in the test shed for sufficient time to 
allow the temperature to stabilize. 
Strains were read with an automatic reader, VIDAR. Switching 
between the different gages was done manually. 
Deflections across the head of the specimen and down the outside 
wall were measured with 0.001 in. Ames dial gages located within the test 
shed but outside the test specimen enclosure. The dial gages were connected 
to piano wires which were strung over ball bearing pulleys and attached to 
metal tabs glued to the spe~imen. Tension springs, connected to the back end 
of the dial gage plunger, kept the piano wire taut. The pulleys over ·the top 
of the specimen were att"ached to an arm which was broken off by the flying 
debris each time a specimen failed. The dial gages were read with a closed 
circuit television hookup with the receiver in the main laboratory. The 
television camera, which was located inside the test shed but outside the 
test specimen enclosure, had a telephoto lens' so that the dial gage face almost 
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gage. The sealing plates for the penetrations were set in place in their 
indentations. After the protective coating had set, a 1/16-in. sheet of 
neoprene was glued over the gages to provide further protection and assure 
that the applied pressure was uniformly distributed over the gage. The 
entire inside surface of the end slab was then covered with a 1/4-in. thick 
layer of hydroca1. The gage wires were run down the inside of the vessel 
and out between the concrete and the I-in. steel ring. Channels, I-in. wide 
by 1/4-in. deep, were cast in the concrete to accommodate the gage wires. 
On the outer surface of the concrete the strain gages were applied in the 
same manner, but no protective coating was used on them. The strain gages 
used to measure the change in strain of the circumferential reinforcement 
were BLH type A19 which is a flat grid wire gage with a gage length of 
1/16 ine and temperature compensation for steel. These gages were applied 
with Eastman 910 cement following standard procedures. 
The test shed was erected on the grounds of the Structural Dynamics 
Laboratory which is situated in farmland about three miles south of the 
university campus. The shed is a wooden enclosure built on a 12-ft square 
slab-an-grade floor. It features a 5 x 5-ft steel test chamber in its 
center which extends from the floor through a hole in the roof. The test 
chamber was constructed of four 4 x 4 x 3/8 in. angles which extend vertically 
from the corners of the opening to the floor with 1/2-in. steel plate on 
the four sides. Figure A.12 shows vessel PVl8 insi.de the test chamber 
after the test. A hatch was provided to cover the hole in the roof. when the 
shed was not in use. During tests the hole was covered with three layers of 
wire mesh to impede concrete projectiles. The blast mats were anchored with 
3/8-in. cable fastened to ground anchors at the sides of the shed. 
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filled the television receiver screen, and was mounted on a system of two 
television antenna rotors so that it could he adjusted in direction for each 
gage. This arrangement proved quite satisfactory for this purpose, though 
some of the gages were damaged by the sudden tension on the piano wire at 
failure of the specimen. 
The vessels were filled with water to within approximately 1/2 in. 
of the end slab. They were initially pressurized with oil to further reduce 
the quantity of compressed gas that would be released when failure occured. 
When the maximum pressure was approached small leaks developed and it was not 
possible to hold the pressure with the oil pumps. Nitrogen gas was then used 
until the maximum pressure was reached. The pressure within the specimen was 
monitored with a pressure gage. For each load step about ten minutes were 
needed to take the readings. The size of pressure increments were reduced 
as the failure pressure was approached. 
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TABLE A. 1 
CONCRETE PROPERTIES 
Age Modulus Splitting Compressive 
Vessel at Slump of Strength Strength 
Test Elasticity 6 x 6-in. 6 x 12-in. 
Cy 1 i nder Cylinder 
days in. ps i x 1 06 psi psi 
PV16 79 2 4.0 518 7450 
PV17 52 3 3.8 534 7180 
PV18 89 2 4.0 447 7590 
PV19 105 2 3.9 406 7470 
PV20 142 . 2 1/2 3.8 469 6890 
PV21 183 2 3.7 496 7400 
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FIG. A.6a ANCHOR BOLTED TO FORM 
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APPENDIX B: TEST DATA 
B.l Introduction 
Test data for six pressure vessels, designated PV16 to PV2l are 
included in ~his appendix. The test data for vessel PV16 have been reported 
before (Paul et al., 1969). The dates of casting, prestressing and testing 
of each specimen are reported in Table B.l. The properties and strength of 
each vessel are reported in Table 2.1. 
Each section consists of a description of the test and descriptive 
information concerning the vessel, followed by the data in graphic form 
resulting from the test. The observed path of the inclined cracks, the location 
of the failure plane and a photograph of the end 'slab after failure are shown 
in Fig. 2.8 - 2.13. 
The data consis·t of deflection measurements and recorded strains in 
the concrete, the circumferential wire and the longitudinal rods. Deflections 
were measured along the outside face of the slab and the cylinder. .,.,1... ______ ...3_...3 ..LUI:: l,t::\.:Ul,Ut::U 
deflections were often erratic for small deflections. This was especially the 
case for horizontal deflections along the outside face of the cylinder and these 
data are completely excluded. The measured strains in the circumferential 
wire provide an accurate picture of the horizontal deflection. For the' vertical 
deflection along the outside face of the slab, only selected results are shown. 
For the recorded strains, some editing was done when it was obvious that the 
zero for strain shifted or that an error was made in a reading. 
The measurements of deflections and strains started after prestressing 
was completed and reflect additional deflections and strains due to the 
internal pressure. 
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TABLE B. 1 
CHRONOLOGY 
Vessel Casting Circumferential Longitudinal Testing 
Prestressing Prestressing 
PV16 Nov. 12 68 Nov. 26 68 Jan. 3 69 Jan. 28 69 
Jan. 24 69 
PV17 June 24 69 July 8 69 Aug. 13 69 Aug. 15 69 
Aug. 14 69 
PV18 June 27 69 July 8 69 Sept. 22 69 Sept. 24 69 
PV19 Aug. 69 ' Aug. 15 69 Nov. 24 69 Nov. 25 69 
PV20 July 28 69 Aug. 15 69 Dec. 15 69 Dec. 17 69 
PV21 July 22 69 Aug. 4 69 Jan. 19 70 Jan. 21 70 
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B.2 Test Vessel PVl6 
The vessel was filled with water to about 1/4-in. below the inside 
surface of the end slabo It was loaded with nitrogen gas and failed ahout 
5 minutes ~fter a pressure of 3200 psi had been obtained. The creep ih the 
vertical deflection gages at 3200 psi was quiee large and increasing in speed. 
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B.3 Test Vessel PV17 
The vessel was filled with water to about 1/4-in. below the inside 
surface of the end slabg It was pressurized with nitrogen gas. The end slab 
failed explosively at a pressure of 3000 psi while strain and deflection 
readings were being made. 
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FIG. 8.7 VESSEL PV17 WITH THREE 4-in. PENETRATIONS ON 
AN 8-in. RADIUS 
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B.4 Test Vessel PV18 
This vessel was tested hydraulically with the option to switch to 
pneumatic pressure if the leakage exceeded the capacity of the oil pump. At 
3000 psi internal pressure the vessel started to leak. The deflection. was 
then as large as the deflection for vessel PV17 when it failed and failure was 
probably imminent. Instead of using gas pressure to attempt to fail the 
vessel, the test was aborted. The end slab was later cut to reveal the 
geometry and extent of the inclined crack. 
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B.5 Test Vessel PV19 
The vessel was tested hydraulically wi.th the option to swtich to 
gas pressure. The pressure drooped suddenly after 3500 psi internal pressure 
had been reached. The pressure decreased to 2400 psi hefore the gas pressure 
could be turned on. The pressure was increased to 3000 psi hut higher 
pressures could not be reached hecause of leakage. It is likely that the 
failure pressure had been reached, but the ahsence of compressed ~as in the 
vessel prevented a violent failure or the development of a clearly recogni.zed 
failure plane. 
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B.6 Test Vessel PV20 
The vessel was initially pressurized hydraulically to reduce. the 
amount of comnressed gas i.n the vessel and thus reducing the amount of energy 
that is released at failure. At 2000 psi internal pressure a change to 
pneumatic pressure was made, thus reducing the risk of a sudden drop in 
internal pressure before the failure pressure was reached. Failure occurred 
at 3300 psi internal pressure while readings were taken. 
I 
/ 
/ 
"..-
/' 
FIG. B.31 VESSEL PV20 WITH TWELVE 2-in. PENETRATIONS 
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B.7 Test Vessel PV2l 
The course of events during this test was similar to the test of Vessel 
pV20 and failure occurred at 3300 psi while readings were taken. 
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APPENDIX C: MEASURED STRAINS ON THE INSIDE FACE OF THE SLABS 
C.I Introduction 
During the evaluation of the test data, problems arose in 
interpreting the measured strains on the inside face of the slab. Gages 
that were expected to record comnressive strains throughout the test often 
indicated tensile strains, especially at low internal pressures. Possible 
causes to this phenomenon are discussed 'in this appendix. 
The calculated stresses in a thin circular slab are shown in 
Fig. C .1. The end slab in a pressure vessel would be expected, to have a 
similar stress distrihution although the slab thickness-to-spanwi,dth ratio 
is higher. The gages at the center of the slab should record compressive 
strains that are higher than at any other location on the slab save for the 
concrete between the penetrations where local strain concentrations may yield 
greater strains. The analysis presented in Chapters 3 and 4, using the finite-
element model supports this assumption. 
The measured strains at the center of the slabs of vessels PVl6 
through PV20 (the corresponding gages for Vessel PV21 were out of order) 
are shown in Fig~ C.2 - C.6. Nine gages out of fourteen read'tension at low 
internal pressures. This phenomenon occurred in vessels with and without 
penetrations. Possible reasons for it are discussed in the followin~. 
C.2 Edge Moment Caused by the Side Wall 
The slab is bending under the impact of the internal pressure on the 
slab, causing compressive strains to develop at the center portion of the 
inside face of the slab. Simultaneously the internal pressure is deflectlng 
the side wall outwards, causing a rotation of the slab-wall connection 
355 
(Fig. C.7). This results in tensile strains on the inside face of the slab. 
Thus there are two different sources of bending, pressure on the slab and 
pressure on the side wall, one causing compressive strains and the other tensile 
strains at the center of the inside face of the slah. It can then be argued 
that tensile strains developed at the center under the combined influence of 
the internal pressure and the side wall. However, if this was the case there 
should have been a more consistent trend among the gages at the center and the 
other gages on the inside face of the slab should have indicated a similar 
response. Neither was the case and the ahove discussion does not satisfactorily 
explain the strains that were measured. 
C.3 Deep Beam Effect 
To explain the tension at the center of the thick slab an analogy 
can be drawn to the tension developing at the center of a deep beam. In a 
deep, beam the load is carried by an arch of concrete and if the beam is deep 
enough the arch will have less height than the beam, which will result in 
tensile strains at the top tn the same way as in a column, Fig. C.B. 
Elastic analyses for the vessels without penetrations have been 
carried out using both the lumped-parameter and the finite-element models. 
Neither of the models.gav~ any indication of a deep beam effect, both of them 
nredicted a linearly varying stress through the depth of the slab. To 
investigate if the finite-element model would show the deep beam effect and 
if this effect was likely to occur with the boundary conditions in the vessels, 
two cases were investigated using STRUDL. The investigation was limited to a 
beam instead of a slab and linear strain triangels were used. The most critical 
condition was considered to have existed in PVl9 which had 2 in. penetrations 
356 
on a 4-in. radius, so a beam was chosen that was 10 in. deep and 6 in. wide, 
i.e. corresponding to the plu~ inside the penetrations, and which had a 
distributed load and two supports. The analysis showed that tensile stresses 
would develop at the top of the beam (Fig. C.9) and it is concluded that a 
, . 
finite-element analysis reflects the deep beam behavior. 
The boundary conditions in the slab are different from the above 
mentioned beam. The support is provided through shear stresses along the whole 
cylinder that limits the slab. The same beam was used to simulate this but the 
support was obtained by ap~lying parabolically distributed shear stresses alon~ 
the edges (Fig. C.lO)~ The analysis shows that the shear stresses move the arch 
upwards and no tensile stresses are obtained at the top. 
The analysis shows that it is unlikely that the deep beam effect 
would occur but in case it does occur the elastic analysis using the finite-
element model would indicate it. 
C.4 Poisson's Effect 
When the vessel is pressurized, the concrete is subjected to a 
compressive stress normal to the surface. The Poisson's effe.ct causes the 
concrete to exPand in the other directions and tensile strains are obtained. 
A value of 0.15 for Poisson's ratio has been assumed in the analysis. This 
value is relatively accurate at low stresses so this effect is included in the 
analysis. If the value was substantially different the analysis might be in 
error. However, this would then also show in the strains recorded by the 
other gages, which it did not. 
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C.5 Inplane Forces 
As the vessel is pressurized the wall deflects outwards resulting 
in shear stresses along the boundary between the wall and the end slab 
(Fig. C.ll). The shear stresses acting on the slab generate tensile strains 
along the inside face of the slab. Strain gages, applied to the prestressing 
wire 10 in. below the top of the slab on the outside of the vessel, will 
record this strain. The readings indicate that in the elastic range this 
strain is less than 0.0001 per 1000 psi internal pressure. This is too little 
to explain the tension readings of the gages at the center of the slab. 
Furthermore, as argued before, there is no reason why this should not be taken 
account for in the analytical solutions or why it should not show in the 
readings obtained f~om the other gages on the inside face of the slab. 
C.6 Imperfections in Applying Gages 
Before the gages are applied the surface is sandpapered and any 
depressions are fil~ed with hydrocal. Thereafter the gages are attached and 
a 1/4-in. layer of hydrocal is applied on the inside of the slab (Fig. C.12). 
If the concrete is not flat under the gage, it will gradually be forced to 
align with the concrete surface when the pressure is applied and in dotng this 
elongate. This process may not be completed until a high internal ?ressure 
has been reached because of the protecting layer of hydrocal. 
There was usually a slight depression at the center of the slab 
because of the construction of the form. This depression had to be filled 
with hydrocal before the gages were applied. This may explain why it was 
mostly the gages at the center that recorded strains that were tensile and 
scattered. 
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C.7 Conclusions 
The edge moment caused by the side wall, Poisson's effect and 
inplane forces are not satisfactory ways of explaining why some gages and 
especially the ones at center of the inside face of the slabs show tension, as 
a more consistent picture involving all the gages would then have been obtai.ned. 
The deep beam effect would be most logical in explaining why it most frequently 
occurs to the gages at the center of the slab but analysis show this method to 
be unsatisfactory. The 'scatter in data could neither be explained by this 
method. The easiest and most convincing way to,explain the scatter of the 
readings is by referring to imperfections 'in applying the gages. Even if this 
cannot be proved to have been the cause, graver objections have to be raised 
against the other explanations which were discussed. 
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APPENDIX D: NOTATION 
thickness of the end slab 
Young's modulus of elasticity 
secant modulus of elasticity 
shear modulus 
distance from the center of the slab to the point where the 
inclined crack is assumed to initiate 
distance from the center of the end slah to the i.nner edge of the 
anchorage plate 
·thickness of wall 
strain energy 
failure index 
failure index based on average stresses at each section 
maximum value of the failure index (except the nodes at the 
boundaries) at any section 
solid diameter divided by total perimeter at a section 
depth of the cryptodome at the center 
strain 
Poisson's ratio 
normal stress 
radial, vertical and tangential stresses, respectively 
principal stresses 
radial prestressing stress 
internal pressure 
normal stress on an octahedral plane 
shear stress 
shear stress on an octahedral plane 

